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| Time allowed : TWO hours. ’ | Answer THREE questions

Q.1 A linear harmonic oscillator has a potential function V(x)=1kx?, where
k=ma?, and the symbols have their usual meanings.

; - Show that the Hamiltonién for the system can be written in the following form:

2 |
_ho h d* mo 2} [1 mark]

H= - >+ x

By attemptmg to factorise the Hamlltoman show that ralsmg and lowermg ladder
operators exist for this system. . [4 marks]

- Determine the lowest and second lowest energy-elgenﬁmctlons (You are not required to
- normalise the eigenfunctions). - [2 marks]

Détérmine the lowest energy-eigenvalue of the system. [2 marks]

" Without going into mathe»m‘atical‘ detail, state why the lowest energy-eigenvalue cannot
- bezero. . [1 mark]
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Q.2 Explain how an operator may be represented by a matrix. Show that if the
eigenfunctions of the operator are used as a basis for the function-space, the matrix is
diagonal. [2 marks]

An electron in the xy-plane, subject to a two-dimensional linear harmonic potential, has
energy-eigenfunctions ;.

E; is the non-degenerate lowest energy-eigenvalue with eigenfunction ;.

E3 is the degenerate second lowest energy-ei genvalue with eigenfunctions y, and ;.

A weak magnetic field B is applied in the z direction. Using the set y; as basis functions
the Hamiltonian matrix is:

(E, 0 0 0 . )
0 E, —-iheB/2m 0

0 iheB/2m E, 0

0 0 0

Using the matrix elements given, solve the secular equation to determine the three
lowest energy levels in the presence of the magnetic field [4 marks]

Find the corresponding energy-eigenfunctions. [3 marks]

What is the effect of the magnetic field on the previously degenerate energy levels?
[1 mark]

Q.3 Write down the Cartesian components of the angular momentum operator:
k, 1, and I; and show that the commutator of /, and Lyisinl, . [3 marks]

Noting that [/;, /] =ih gy I, , where the symbols have their usual meanings, show that
e, L]=-n1, [1 mark]

Let y be an eigenfunction of ; with eigenvalue m# , where m is an integer in the range
{ ~Mmax, +Mpax }. Show that I, yis also an eigefunction of . How are the eigenvalues

of wand /; y related? [2 marks]
Show that L1, = P - 12 - nl, [2 marks]
Determine the eigenvalues of / in terms of 71,,4,. [2 marks]
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Q4 v’ and E) are the non-degenerate energy-eigenfunctions and energy-
eigenvalues for a System with Hamiltonian operator Ho ie H,y? =E° v,

The system is perturbed by a small additional energy term H’ such that H = Hy+ H

Show that E® the first order perturbation contribution to the energy-eigenvalues, is

givenby E® = <l//,‘,’ lH'I!//f,’) [4 marks]

Obtain an expression for the first order perturbation contributions to the eigenfunctions,
[2 marks]

An infinite potential well is defined as follows:

<0 Y=o

0<x<L Vix) =0

x>L Vx) =

The energy-eigenfunctions for a particle subject to this potential are:
2 nrxx
=,[=8in| —Z

o ffn(222)

The system is perturbed by a small energy term Vix) = C.( [ - x J) over the interval

0 <x <L. Calculate the first order perturbation contribution to the energy-eigenvalues.
' [4 marks]

Note: Sinzeigl(l—COSZH), fudv = uv—fvdu

Q.5  Answer all parts:

Find the eigenvalues of A. Is A Hermitian?
Find the eigenvectors of A. Find the transformation matrix § which diagonalises 4.
Show that .S is unitary. Verify that § -/ A Sis diagonal. [3 marks]

(c) The relativistically correct formula relating energy and momentum s
E = c’p’ + my’c’.  Show how Dirac formulated a relativistically correct differential
wave equation, which is first order in time. Comment on the mathematical properties
required of any parameters that you introduce. [4 marks]
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