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Q1. (a) Let the random Variable X have probability density function fx(z|6), depend-
ing on the parameter . Let 6 be an estimator of 8 based on a random sample
Xi1,Xo,..., X, of size n.

Define the following terms:
1. Unbiased estimator
2. Consistent estimator .
3. Minimum variance unbiased estimator (MVUE)
4. Mean square error of an estimator
5. Asymptotically unbiased estimator

-~

(b) Prove that if 8 is asymptotically unbiased and Jim Var(f) = 0, then 0is a

consistent estimator of 9.

(c) Let @ be an unbiased estimator of 6 and let U be an unbiased estimator of 0,
with cov(8, U) # 0. Show that there exists an a # 0 such that $o =0+ al/
has smaller variance than 6 and is also unbiased for . Hence, or otherwise
prove that 8 is MVUE for 6 < 8 is uncorrelated with all unbiased estimators
of 0.

(d) Let X ~ Ig641), ie X have uniform distribution on (6,6 + 1). Show that

X - 5 is unbiased for 6, but is not MVUE, bby examining the variance of

1  sin2nX
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EaE o



Q2. - (a) State and prove the Cramer—-Rao lower bound for the vanance of an unbaased . : f'k
estimator (X1, Xz, ,,) of a parameter 9 based on a random sample e
‘ Xl,Xz, vy Xn ofsxzen ' I : o g

~(b) Suppose that ¢, is an unbiased and efﬁment estimator for 8, and that t; is also

_unbiased, but has efficiency - e sat1sfy1ng 0 < e < 1 Show that the correlat1on~'
« coefﬁment Pris = Ve. .

o ( ) Let Xl, X, be a random sample of size 2 where X has densxty
(xlﬁ) f(om (x)

: Usmg squared error loss, ca.lcula.te the r1sk of tl(Xl,Xg) =3 -2~(X1 + Xz) and L

‘tg(xl,Xg) = -é-max(Xl,Xg) : B ‘ R
- For which value of c does the estlmator t‘(Xl,Xg) =c- max(Xl,Xg) have
~ smallest risk? o
How do these risks compare wzth the value ylelded by the formula m part (a)?
.Comment il \ L ; :

Q3. (a) _stcuss the method of maximum- hkehhood a8 apphed to the problem of es-
s ~ timating the parameter of a dlstmbutlon f(z]6). Are maximum likelihood
estimators necessarily unique? What are the “opt1ma.hty” propertles emoyed
by maximum hkehhood estimators? : :

(b) Let the random ~variable Y’ have N{g, 02) dJstnbutlon The random v‘anable, i
‘X :=¢€" is said to have lognormal(u, 0?) distribution. ‘Using the invariance
property of maximum hkehhood estimators, obtain the maximum likelihood
est1ma.tors of e and €°" based on a random samplq;,Xl, Xa, o+, Xy of size n..

(c) Using the method of moments, show how it is posszble to get two different .
estimators of the two parameters ty o2 of & lognormal(p, 0'2) d.lstnbutlon R
(My(t) = B(e™) = 447 ) . i
The followmg data was obtained from & random sample of sme 10 from a
lognormal(/.a, o?) with both parameters unknown R -

19.88 604 1281 4252 4273
.69.40 12.30 9.68 1678 531

o Calculate the two dxfferent method of moments est1mates for both p, and o2,
R P‘. T. O. g



Q4. (a) Define the following terms:

(b)

1. loss function

2. risk function

3. mean risk

4. minimax decision function

5. Bayes decision function with respect to the prior density w(6) of 4.

Prove that a Bayes estimator for a parameter 8 having constant risk, is also
a minimax estimator.

Let X1, X3, -+, X» be a random sample of size n from a Bernoulli (p) popula-
tion. Let. the parameter p have a Beta(a,b) prior density, ie:

. F(CL + b) a—1

Using a quadratic error loss function, obtain the Bayes estimator of p. Hence,
or otherwise, show that

X+ &
n++/n
is the minimax estimator for p.

Using a sample size of 16 and a quadratic error loss function, for what values
of p will the minimax estimator have smaller risk than X?



