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SECTION A

1. (a) Show that the function u = e® cosy + 2zy is harmonic and find a harmonic
conjugate v of u. Express the function u + vi as a differentiable function
of z.

(b) Find the real and imaginary parts of the function w = cos z and verify
that they satisfy the Cauchy-Riemann equations.

2. (a) Derive the Taylor series of the functions e, cos z and sin z at zy = 0 and
hence prove the identity

€ = cos z + isin z.
(b) Let C be the path z = €%, 0 < ¢t < 27. Prove from first principles that
— = 2mi. (1)

State Cauchy’s Integral Theorem (without proof) and deduce from it and
from equation (1) above that, for any zq such that |2| < 1,

d
/ ad = 2mi.
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3. Assume Cauchy’s formula

1 [ f(2)dz
1@ = 5= [ 22,

where C is a circle containing the point z and f(z) is differentiable in a region
containing C. Let 2y be the centre of C. For n = 0,1,2,3,---, derive the

formulae , 1(2)dz
(") (59) = / _J\4)azs
f (ZO) 2mi Jo (Z — Z())""'1
and deduce the inequalities
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where M is a number such that |f(Z)] < M for all Z on the circle with centre
zo and radius 7.

1
4. (a) Derive the Laurent expansion of the function f(z) = ) about the
Z —_—
point z = 1 and hence find the residue of this function at z = 1.

(b) Explain what is meant by saying that the function w = f(2) has a pole of
order three at z = 2.

Let .
€)= oz
Show that f(z) has a pole or order three at z = 0. Show that z = /2 is

a simple pole of f(2) and that the residue of f(z) at z = 7/2 is -;22

5. Use the method of residues to evaluate two of the following integrals:

Q) /27' dé (id) /°° dx (i44) /°° z sin 2z dx
o 134 5cosf’ o T+ 522+ 6 0 244
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SECTION B

Let b, be the projection of a vector b onto a subspace U of R”. Let u be any vector
in U. Explain why (5-5,)-(, ~u) =0 and hence show that [lp—u|’ > |65,

) Use the Gram-Schmidt process to find an orthogonal basis of the subspace U

of R* spanned by the vectors
1,0,1,0), (1,-1,0,1), (1,1,1,0).

(i)  Hence, or otherwise, find the projection of the vector v=(2,0,-1,1) onto U.

Let {u1 yeeeenes ,uk} be a basis of the subspace U of R". Write down the formula for
P the projection matrix which projects a vector ve R” onto the subspace U. Show
that, in particular, if {u,} is an orthonormal basis for U then

P=44"

where 4 is the nxk matrix having u,,.......,u, as columns.

Find the least squares approximate solution to the following over-determined

system of equations:

X+y+z= 0
-x +z=1
x-y =-1

y—z==2

Let 4 be a real symmetric matrix. Prove that the eigenvectors corresponding to

different eigenvalues are orthogonal to each other.

Consider the symmetric matrix

I -2 2

Verify that 1 is an eigenvalue of A4, and find the other eigenvalues.
Determine the eigenvectors corresponding to each eigenvalue, and write down

an orthogonal matrix P and a diagonal matrix D such that

P'AP=D



(a) Apply the Gram-Schmidt process to the functions 1,x,x” to find polynomials
Do (x), p,(x), p,(x) with degrees 0, 1, 2 respectively, which are orthogonal

with respect to the inner product

fg= [ f(ex)dx

(b)  Use the polynomials p,(x), p,(x), p,(x) to find a quadratic polynomial
which approximates the function

2-x —-1<x<0
x)=2+ =
fix)=2+]x| {2+x 0<x<l





