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SECTION A

1. (a) Determine whether the series
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5/4
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converges or not.

(b) For which values of z does the power series
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converge?

(c) Define the n-th order Taylor polynomial P,(z) of a function at a
point z = a. Determine the second order Taylor polynomial at
z =1 for the function g(z) = cos(e®).

p.t.o.



(a) Determine the tangent plane to the graph of the function f(z,y) =
z2e¥ at the point (1,0,1).

(b) Is there a value d such that the tangent plane to the graph of the
function f(z,y) = z%e¥ and the tangent plane to the surface given
by */2 + zy + 2% = 3/2 at the point (1,0,1) are orthogonal to
each other? If this is the case, determine all such d.

(a) Determine how the partial differential equation

is transformed when the new variables v = zy? and v = y are
introduced. (The obtained expression should not contain z or y.)

(b) Determine a function f(z,y) which is a solution to the differential
equation from part (a) and also satisfies f(1,y) = 0.

(c) Let f be an arbitrary sufficiently differentiable function. Express
83—;9% in the variables » and v introduced in part (a).

(a) Determine the points on the curve 4(z—y)2+(z+y)? = 1 for which
the distance to the origin is maximal and minimal, respectively.

(b) Evaluate the integral
/ / zy dy dx
T

where T is the region bounded by the inequalities y > 0, y < 3—z,
y<z-—1.
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(a) Consider the function f(z,y) = (22 — y%)e~2®+Y. Determine all
critical points of f in R? and for each critical point, determine if
it is a local maximum, local minimum or a saddle point.

(b) Evaluate the integral
2
z
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where D is the region bounded by 1 < 22 + ¢? < 4.



SECTION B

6. (a) What is a subspace of R"? Determine whether the following sub-
sets of R® are subspaces of R3.
(1) {(z,9,2) |z +y =2z}
(i) {(z,y,2) |z +y > 22}

(b) What is the span of a set of vectors in R*? Prove that the span
of any subset of R™ is a subspace of R".

(c) Find a spanning set for the solution space of the homogeneous

3 1 1
system Ax = 0, where A = ( 6 2 2 ), X = (21,29, 713)".
-9 -3 -3

7. (a) Determine whether or not the vectors (1,1,1,2), (3,0, —1,4) and
(2,5,5,1) are linearly independent in R?.

(b) Let W be a subspace of R*. Define: basis of W, dimension of W.
Explain why dim(W) < n.

(c) Let W C R® be the span of

{(1,-1,0,2,1), (2,1,-2,0,0), (0, -3,2,4,2), (3,3, —4, -2, —1)
(2,4,1,0,1), (5,7,-3,-2,0)}.

Find a basis of W.
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8. (a) Determine whether the following functions are linear transforma-
tions.

i) T:R—R, T(z) =tanzx
(i) T: R = R, T{x,y) =z —2y
(b) Let T: R* — R® be the linear transformation defined by
T(z,y,2) = (z+vy,32 2z — 2x).
(i) Find the standard matrix representation of T', and compute
T(1,-1,7).
(i) Find the kernel of T'.

(iii) Prove that {T'(e;), T'(e2), T(es)} is a basis of R® (here e; is
' the vector with 1 in position 7 and zeroes elsewhere).

p.t.o.



9. (a) Find all eigenvalues of the matrix

6 3 -3
A=| -2 -1 2.
16 8 -7

(b) Find three linearly independent eigenvectors for A.

(c) Using parts (a) and (b), compute A2.



