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Q1. (a) Let 'V be a finite dimensional vector space over the real numbers R. Define -
' the terms (i) spanning set S, (ii) linearly independent set I and (iii) basis B
- where S, I and B are finite subsets of V.

(b) Consider the 5 x 5 matrix A below:

120 -1 1
131 1 -1
251 0 0
% 360 0 -6
153 5 -5

Detérmine the column rank of A. Find also a basis for the null space of A.
Explain why the row rank of A is equal to its column rank.

(c) Let A be an m X n matrix of rank r, which is of course less than or equal to
min{m,n}. Prove that ATA has the same rank as A.



Q2.

Qs.

Q4.

(a) Let f be a linear mapping from the finite dimensional vector space V into the

finite dimensional vector space W. Deﬁne ker(f), the kernel and Im(f), the
image of the linear map f. ,
Prove that ker(f) is a subspace of V and that Im(f) is a subspace of W.

(b) Let f: R® — R3 be defined by f(a,b,c,d,e) = (—3a+6b—c+d~—Te,a— 2b+
2c+3d—e,2a—4b+5c+8d —4e). Write down the 3 x 5 matrix corresponding
to this mapping f and hence or otherwise find a basis for Im (f) and ker(f).

(c) Expand the basis of Im(f) in part (b) to obtain a basis for R3.

(a) Let f be a linear mapping from a vector space V which has ordered basis

{v1,v2, ..., U} to a vector space W which has ordered basis {wy, ws, ..., w.}.
Let f have the corresponding n X m matrix A.

Suppose {v], v}, ...,v.,} and {w}, w}, ..., w.} are new ordered bases for V and
W respectively, Wlth corresponding transxtlon matrices P from {vy, vy, ..., v}
to {v1,v2,...,un} and Q from {wj,w},...,w.} to {wy,w,, ... wn} respec-
t1vely Explam how to find the matrix of f relatlve to the new ordered bases
{’Ul, 'U2’ ] m} and {wler’ ' n}

(b) Let f : R® — R? be defined by f(a,b,c) = (a+c,b—c). Write down the

matrix A of f relative to the natural ordered basis {(1,0,0), (0, 1,0); (0, 0, 1)}
of R? and {(1,0),(0,1)} of R2.

Relative to the new ordered basis {(1,1,0), (0,1,1), (0,0,1)} of R3 and
{(1,1),(1,3)} of R? respectively, find the matrix B of f and verify the result
in part (a).

(a) Prove that if A is an n x n matrix over R with n distinct real eigenvalues then
A is diagonalizable (ie there exists an invertible matrix E such that E~1AFE

is diagonal).
(b) For the matrix
000
A=1010
1 01
find a matrix E such that
, ‘o
E'AE =

(c) Let A, be the n X n matrix given by

0 ifi=i
aij={ ne ‘7.

o O O
O O

= O O
~—

1 otherwise.

Prove that detA, = (-1)""1(n - 1).
PTO




Q5.

(a) Describe the Gram-Schmidt process for converting a basis for a finite di-
mensional Euclidean vector space V into an orthonormal basis for V.

(b) Let S be a real symmetric matrix. Prove that the eigenvectors corresponding
to distinct eigenvalues of S are orthogonal. -

(c) Let
0 2 2
S=(202 .
2 20

Find an orthogonal matrix O such that

-2 00
0TS0 = 0 -2 0 |.

0 0 4

4



