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Answer three questions

. (a) Give the definition of the exponential function e* and use it to prove Euler ]
formula. Sketch the image under the mapping z ++ e* of the region

{zEC:w/4<Imz<7r/2}.

(b) Define the principal branch of the complex Iogarlthm function Log z, and show
that e“9* = z. Hence find the derivative of Log z.

(c) Given that the stereographic projection z of the point (6, ¢) (in spherical polar

- coordinates) on the Riemann sphere is given by z = cot(¢/2)e®, prove that the
mapping f(z) = 1/z on C induces a rotation of the Rlemann sphere about the
real axis, through an &ggle 7.

(a) Let f = u+1v be holomorphlc on an open subset Q of C. Prove that Vu and Vv
are of equal length and are perpendicular.

(b) Let h(u,v) be a harmonic function of u and v on f (€2). Prove that g(z,y) =
h (u(z,y), v(z,y)) defines a harmonic function on €.

- (c) Find a Mébius transformation that maps the points z; = 0,2, = 1, 23 = o, onto’

- the points w; = =1, wy = —i, w3 = 1.

p.t.o.



3. (a) State the Fundamental Theorem for the integral / f(2z) dz, where v is a smooth

path in the complex plane Evaluate the integral

/ dz
(z—a)*’
where n is a natural number and v is the circle with centre a¢ and radius T,

traversed anticlockwise. You should distinguish between the cases n = 1 and
n>1.

(b) State and prove Cauchy’s Theorem for homotopic paths.

4. (a) State the Cauchy Integml Formula, and give a heunstlc proof of it. Evaluate the
integral . :

/ ! dz
v (2 —20)3(z — i/2)
where 7 is the circle |z] = 1.
(b) State the Residue Theorem. Find the residues of the function

z

/2 = (22 + 4z +1)2

at each of its poles. Hence evaluate the integral
2 1

o (24 cosh)?
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