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THIRD ARTS and SCIENCE EXAMINATIONS

' MATHEMATICS
MA385 and MA378 — NUMERICAL ANALYSIS

Dr D. Johnson
Prof. T. Hurley
Dr N. Madden

Time allowed: three hours
Those taking one section should answer three questions
Those taking both sections should answer five questions, at least two from each section.

SECTION A — MA385

1. () Suppose that a real-valued function g(z) is continuous and defined on [a, b, and that g(z) € [a, b] for all
z € [a,b]. Show that g(z) has a fixed point 7 € [a, b]. ‘
Suppose further that g(z) is a contraction on [a, b], i.e, there is a number L € (0,1) such that

lg(a) — g(B)| < Llo: — B for all o, B € [a, b]. ‘ (1)

* Show that
(i) the fixed point 7 of g(z) is unique.
(ii) the sequence defined by z¢ € [a,b] and z; = g(z;-;) for ¢ = 1,..., converges to T.
(b) Consider the problem: Let f(z) = 2% —z — 2. Find 7 € [0,2] such that f(r) = 0.
. Taking zo = 1, and working to six significant figures, calculate z4 for each of the following methods
(i) Fixed Point Iteration, with g(z) = vz + 2.
(ii) Newton’s method. '
‘Why does Newton’s method converge faster?
2.  (a) Explain what is meant by a wjl-condz'tioned function. Show that multiplication is well-conditioned, but
- addition is not. '

(b) Define the terms Unit Lower Triangular Matriz and Upper Triangular Matriz.

2 3
3 9.
9

Write down the LU-factorisation of the matrix

|

1
2
4

[y

* Hence solve Az = b where b= (1,1,1)7.
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3. (a) Given a norm on R", the associated subordinate matriz norm is

|Alleo = max 1400

veR"/{0} [|V]|oo

where A € R™*", Show that 0

| Alloo = zfllaxnzl laij|.
J=

Show that any subordinate matrix norm is consistent: |ABIf < || Allf{B]|, for A, B € R™*",

(b) The condition number of a matriz is defined as k(A) = [|A[[|A-2.

Let A € R™ " be a nonsingular matrix, and suppose that Az = b and A(z + dz) = (b + db) where
b,z € R"/{0} and &b, 6z € R™. Prove that

lloz|| l198]
el <A e @

- Suppose we are using a computer to solve the linear syStem: Az = b where
10 12
A= (0.08 0.1)'

and, due to round-off error, right-hand side has a relative error (in the co-norm) of 10~6. Use (2) to
give an upper bound for the relative error in the computed solution.

4. (a) Define R(v), the Rayleigh Quotient (associated with a given matrix A € R"X") of the vector u.

sym

Suppose that A has eigenvalues Appin = A < Ap < -++ < An = Amag. Prove that, for any v € R™.
/\min < R('U) < Amaz-
(b) Consider the Initial Value Problem

y(zo) =yo and y' = f(z,y) for z > .

Write down Euler’s Method for this problem.

Suppose that f(z,y) satisfies the Lipschitz condition |f(z,u) = f(z,v)] < Llju—v| for L > 0. Let T be
" the truncation error at step n, and T = max;=1, ., |T,|. Show that the global error e, := y(z,) — yp
satisfies
len] < len—1)(1 — hL) + AT, n=10,...,N.

where h = z; — z;_; for each 3.
Hence deduce that ‘s T ‘
len| < f(eL(%—%) -1), =n=12...,N.
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5.

(a)

SECTION B — MA378

Suppose that f(z) is a real-valued function such that f (k) () is continuous on [a,d] for k =0,...,n+2.
Let pn(z) be the polynomial of degree n that interpolates the function f (z) at the distinct points
@ =g, T1s.--,Zn = b. :
- Show that

(b)

(a)

(a)

(n+1)
f(z) — pn(z) = i—%(l)-(a: —zo)(z —T1) (T — Tn),

for some T € (a,b).

Write down the Lagrange form of pa(z), the polynomial of dégree 2 that interpolates f(z) = e™* at
9 =0,21 =1 and zo = 2. '

Evaluate po(z) at z = 1.5.

Give an upper bound for the error |f(z) — p2(z)| at z = 1.5.

Define the natural piecewise cubic (spline) interpolant to the points (o, fo), (z1, f1), - - (ZTn, fa)-
Suppose that z; —z;-1 = h =1/nfor j =1,...,n. Let s;(z) is the ith component of s(z), with support
only on [z;—1,z;]. Show that it can be written as

Oi-1
6h

3:(z) = au(z — zi_1) + Bi(zs — ) + (z; —x)® + g—’:(z —zi1)3,

where a; and §; are given by

. h i h
a,~=%—§ai, ,Bi=zz_l_—ai"1‘

Hence deduce that s(z) can be determined from solving the system: o1 =0, on = 0 and

1 ' 1 ,
6(0,;_.1 +4U'i+ai+1) = ﬁ(fi_l —2f1;+fi+1) for i=2,...,n—-1.

Let 2o = 0, z1 = 1, 72 = 2. Find the natural cubic spline that interpolates fo =0, fi =2 and f2 = 1.
What is its value at z = 1.57

Consider the 4-point Newton-Cotes Quadrature method:

Q(f) = aof(zo) + a1f(z1) + aaf(z2) + az f(zs3)

for approxmating fol f(z)dz, with z; = i/3. Using only that the method is exact for polynomials of
degree 3 or less, deduce the values of the quadrature weights ag, a1, a2 and as.

Also show how any one of the weights could be deduced by integrating an appropriate Lagrange Poly-
nomial. ‘

Suppose that Qn(f) is a Newton-Cotes quadrature rule that is precise for polynomials of degree n or
less. Show Ythat, if n is even, it is in fact precise for any polynomial of degree n -1 or less.

&
Assume that f(z) and is first fowt derivatives are continuous on [#i-1,Zit1]. Derive the second-order
difference formula:

D*(fi) = -}-Ll-g(fiq —2fi + fiy1),

and the corresponding estimate for |f”(x;) — D?(f:)|, where z; — zi_1 = Tiy1 — Zi = h.

Suppose that |f0V)(z)] < M for some constant M and any z;~1 < & < Zit1. Also suppose that

f(z) = f(z) +e(z), and |e(z)<e

Find an expréssion for A in terms of M and e that minimizes |f"(z;) — D?( f (z4))]-

Use a finite difference method, based on the difference operator in Part (a), to find an approximate

solution to
‘ ' L(u) == —v"(z) +u(z) =2 for z¢€(0,3),
u(0) =0,u(3) =1,

using four equally spaced mesh points.
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