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Answer three questions.

1. Answer four of the following:

(a) In Bernoulli space, let E be the event that the sequence of coin tosses never
produces the sequence HTHT. Show that E belongs to the o-algebra generated
by the simple events E,. (E, is the event that the nth toss is H.)

(b) Give a description of the elements of the Cantor set C and explain briefly why
thls set is uncountable. .

(c) Let An = (1+1/n,3+ 1/n) if n is odd and (0, 2) if n is even. Find the sets
limsup,, A, and 11m1n A,

‘ (d) What can you say about the o-algebra of measurable subsets of X if
(i) only the constant functions on X are measurable?
(ii) every function on X is measurable?

(e) Show that if the function f is measurable then so is |f|. Give an example of a
non-measurable function f such that |f| is measurable.

' (f) Let f be xgq, the characteristic function of the set of rational numbers. Explain
why f is Lebesgue integrable on the interval [0,1] and find its integral. Explain
briefly why f is not Riemann integrable on [0, 1].
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2. (a) Give the definition of an algebra and a o-algebra, and give an example of an algebra
that is not a o-algebra. Show that the Cantor set C belongs to the o-algebra of
subsets of R generated by the intervals.

(b) Give the definition of a measure. If u is a measure ona o-algebra A of subsets of
a set X and (E,) is a decreasing sequence of sets in A with intersection E and if
p(Ep) < 0o, show that

ME) = lim p(E,).

Show by an example that this result may fail if the condition u(E;) < oo is
‘omitted.

. (a) Give the definition of a measumble functzon Show that if f and g are measurable
then so is the function f + g.

(b) Let (f,) be a sequence of measurable functions. Show that the functions sup,, fn
and inf,, f, are measurable.

(c) Let f be a nonnegative measurable function. Prove that there is an increasing
sequence of measurable simple functions that converges pointwise to f. Show that
; if f is bounded, then the convergence is uniform.

4. Let (X, A, u) be a measure space.

(a) Give an account (without proofs) of the definition of the integral / f du, starting
- with the integral of a simple measurable function.

(b) If f is a measurable function on X, show that f is integrable if and only if
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(c) State (without proof) two convergence theorems that allow term by term integra-
tion of a sequence or series of integrable functions. Give an example of a sequence
(fa) of integrable functions that converges pointwise to an integrable function f,

~ but is such that the integrals [, fn di do not converge to [, fdu.



