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1. (a) Consider a random sample Xy, X, ... » Xn from a probability density (mass) func-
tion f(z;@), where 0 is a vector of parameters. Explain the following terms:

e T is a sufficient statistic for 6;
e S is a minimal sufficient statistic for o;

e C is an ancillary statistic for 6. (6)
(b)( Consider a random sample X7, X, . .. , X7 from the Bernoulli distribution with suc-
cess probability §, Bern(d) = Bin(1,6). Show that Y ieq X; is a minimal sufficient
statistic for 4. (5)

~ Note: the probability mass function for a Bern(6) distribution is
PX=z)=6°1-6)""" z=0,1.

Verify that T = 3%, X; is sufficient by obtaining the conditional distribution of
the observations given T' = ¢. (7

Show that Y = 2%1 is an unbiased estimator of 1 + 6.
Considering the minimal sufficient statistic T, show that

n—t

— y=1
no Y=2

Hence, obtain an unbiased estimator of 1 + 8 with smaller variance than Y and
compare its variance to

i) that of Y;
ii) the Cramér-Rao lower bound. (16)

Note: You may assume that the variance of the Bernoulli distribution is 6(1—86).
[34]
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(a) State and prove the Neyman-Pearson lemma on testing a simple null hypothesis

Hy : @ = 6 against a simple alternative hypothesis H; : 8 = ;.

(b) For a random sample X3, X>,...,X, of size n from a normal distribution N (1, 0?)

what is the form of the best critical region for testing
Ho:p=pg,0=0¢ against Hi:p=pu, 0=o0

where 1 > pp and o1 > 0g?

By taking o1 = 0y, or otherwise, show that the uniformly most powerful size-o test
of
‘ Ho:p=po against Hjy:p> po,

with o assumed known, involves rejecting Hy for large values of X.

Obtain an explicit expression for the critical region of a size-a test and derive and
sketch the power function.

Questibn 3 is on the next page
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3. (a)

Given a random sample of observations z;, Z2,...,%n from a single parameter proba-
bility density function f(z; 6), suppose that we wish to test the hypothesis Hy: 6 = o
against Hy:0 # 6. Give the form of the test statistics for the following:

i) the log likelihood ratio test (—2log, LR);

ii) the Wald test;
iii) the score test.

‘Explain the idea behind each test, using a diagram 6f the log-likelihood function

for illustration, and describe how the tests are applied in practice, i.e. when do we
reject Hy and what reference distribution do we use?

Find: the form of these test statistics when the observations are from a Poisson
distribution with mean 6.

- Note: the probability mass function for a Poisson(6) distribution is

0%e—?

PX =z)= =

r=0,1,2...

In a genetic breeding experiment using guinea pigs, of 56 offspring from a particular
cross there were 32 red, 8 black and 16 white piglets. Genetic theory suggests that
these numbers should be in the proportions

21+6) (1- 20) 1
4 7 4 4
where 6 is an unknown parameter.

Write down the likelihood function using the multinomial distribution.
Use the likelihood ratio test to test whether the data are consistent with the ge-

netic model at the 0.05 significance level, giving a clear statement of the null and
alternative hypotheses.
Now use a likelihood ratio test, at the 0.05 level, to test
1 : 1
Hy =§ against leﬁaég.

Note: the k-category multinomial distribution is given by

k k
1l! 1 ,.1n2 )
ngl-- k!j’l Dy b, 0...”1__”, E n; =n, E pi=1

i=1 i=1

Question 4 is on the next pPage

(9)

(8)

(17)

[34]



. Assume that the number of winter moth larvae on oak trees in a forest has a Poisson
distribution with parameter A. In a study of these a biologist counted the number of
larvae y1,y2,...,yn on a random selection of n small oak trees.

- (i) Obtain the log-likelihood function of A and hence the maximum likelihood estimate
A

(ii) Calculate the observed information I()) and the expected information i(A), and
hence obtain an approximate standard error for A.

Growing tired of this extensive method of data collection the biologist decided to just
record whether any moth larvae were present or not on a further random selection of m
trees. However, being tired and rather careless his chance of making correct observations
was affected. Writing X as the binary random variable for whether moth larvae were
recorded as present (z = 1) or not (ac = 0), assume that

PX=2)= (1-we™) (we) 7 = jia* ::(1)

- where w is an additional parameter reflecting the accuracy of the biologist’s observations
(w = 1 corresponds to perfect observation).

This further sample of trees led to observations z1,zs,...,Zn.

(a) Show that the log-likelihood function of A and w based on both sets of measurements
can be written as

n
A w)=c—nr+ Z yi log. () + zlog, (1 - we—)‘) + (m — z)log, (we"’\)

i=1

where c is a constant not depending on the parameters and z = Z]--l zj.

(b) Find the joint maximum likelihood estimates of A and w. Comment on the answers.

(c) Calculate the observed information matrix I(\,w) and obtain the expected infor-
mation matrix.

(@) ‘Obtain the profile log-likelihood £(A,@(A)) for A and show that, up to an additive
~constant, this only \d¢pends upon the data from the first experiment.

(e) Suppose that the first part of the data collection examined 100 trees and counted

a total of 120 moth larvae. Perform a likelihood ratio test of Hp: A = 1 against

H 1: A 75 1.
Note: the probability mass function for a Poisson(\) distribution is

2z -
z!

PX=z)= z=0,1,2...

(6)

(4)
[34]



