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Mathematical Physics




1. a. Determine the C2[0,1] curve y = y(x) with fixed end points (0,0), (1,1) which gives
1
J= "2 /x3
[ o ma

a minimum value, assuming a minimum exists. What is the minimum value?

b. Find the extremal y = y(x), y € C*[0,1] for the following functional satisfying the
given boundary conditions:

Jy) = f;(w + (")2)dx with (0) = 0, y'(0) = 1, y(1) = 2, y'(1) = 4.

2. a. Consider the problem of finding the extremal y = y(x), y € C?[a,b] of the functional
b
J@y) = L F(x,y,y )dx
subject to

y(a) = yo, y(b) unspecified,

with a,b,y, given constants. You may assume that F is twice continuously
differentiable in each of its three arguments. Show that the boundary condition on
x = b for the extremal is given by

2
oy
b. Find the extremal y = y(x),y € C?[0,1] for

J0) = [ (0 4y

=Qonx=b.

subject to
¥(0) = 1, y(1) unspecified.

3. a. Lety = y(x),y € C?[0,]] be the unique solution of the two point boundary value
problem

%(T(x)%) —k(x)y = -w(x),0 <x <,

»0) =y() =0,
where T(x) € C'[0,{] and T(x) > 0 in [0,/], and where k(x), w(x) € C[0,] and
k(x) > 0, w(x) > 0in [0,/]. Show that

L s [

where U is any C'[0,/] function.
b. Consider the boundary value problem:

y'-y=-1,0<x< w2,
¥(0) = y'(n/2) = 0.
Noting the bounds
' n/2 /2 7l2
[ AW+ e yds [Tya 2 [T -7 - Phan

where Y(0) = 0, U(n/2) = 0 and U, Y are sufficiently smooth, calculate the ‘best’ ¥ of
the type ¥ = Bsinx. Calculate the ‘best’ U of the type U = y cosx. Compute the

corresponding bounds for J' Z’z ydx.



4. a. Find extremals y = y(x), y € C?[0, 7] for the isoperimetric problem
J) = |16/, 3(0) = (@) = 0,
subject to
I: yidx = 1.

b. Find the curve y = y(x),y € C2(0,1), with fixed arclength [ > 7/2, passing through
the points (0,0) and (1,0) which has maximal area between it and the x-axis,
0<x<1.



