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Section A

1.' (2) Find the derivative, with respect to distance, of the function
¢ (z,y,z) = 3222 + 3y — 28,
along the parametric curve
r(u)=(@w-14"-1,2-2u),
| at the origin (0,0, 0).
(b) Prove that the point (2, —1,2) lies on each of the surfaces
22— 2y?+ 222 =10 AND z=x2—Fy2—3.

Prove that these surfaces intersect at right angles at this pbint.
(c) Verify the vector identity

curl (curl F) = grad (div F) — V2F
for the vector field F (z,y, 2) = 2zi + 3yj + 4zk.

2. (a) Consider the integral s é
25 [s dydz.

Sketch the region of integration A. Change the order of integration
and hence evaluate the area A.

(b) Use plane polar coordinates to evaluate

ffA 2 (‘772 - yz) dxdy
~ where A is the Pottion of the disc z2 + y¥2<4,z,y>0.
~ (c) Evaluate the double integral
ffA (z+y)dA,

" where A is the region bounded by the lines z +y =1, z+y = 3,
2z —y = 0, 22 — y = 4 by making the change of variable u = z +,
v =2 — Y.




3. Evaluate the line integral

(1’21"3)
Jopg F-dr,

for the vector field
F = (2zy? —y2)i+ (2¢2y —z2)j — zyk
along each of the following paths:
(a) the straight line joining (0,0, 0) directly to (1,2, —3);

(b) the parametric curve r (u) = (u, 2u?, —3u?)

(c) the successive straight line segments from (0,0,0) to (0,2,0), from
(0,2,0) to (0,2, —3) and from (0,2, —3) to (1,2,=3), in this order.

Prove that the vector field F is conservative. Find, by line integration or
- otherwise, the corresponding scalar potential ¢ (z,y, z) for this field F.

Section B

4. The divergence theorem of Gauss can be written in the form
fffVV-AdV=ffsA-ﬁdS.

Explain what is meant by V, § and #i in this equation. Verify the diver-
gence theorem for the vector field

A = 2?yi — zy?%j — 2227k,
for the cylindrical region z2 + 42 < 16,0 < 2 < 3.

.5.‘Spherical Polar co-ordinates (r,8,¢) are related rectangular Cartesian
co-ordinates (z,y, z) by the relationships:

z =rsin(f) cos(¢), y=rsin()sin(p), z=rcos(f).
(a) Calculate the scale factors h,, hy and hy and verify that the system
. is orthogonal.
~ (b) Find V'V in terms of this co-ordinates system.

~ (c) Find V¥ in terms of these co-ordinates.
[You may assume that, in general, for an orthogonal system

| " hahghg | 8wy \ hy Buy Oug \ hy Ous Oug \ hs Ous '




6. (a) Define Cartesian tensors of ranks one and two.

(b) Determine the rotation matrix associated with a rotation of Carte-
sian frame about its z3 axis, the rotation being of angle o in an
anti-clockwise direction. If the new frame is rotated by an angle 3
about the new z, axis, calculate the rotation matrix for the com-
posite rotation.

(c) A tensor of rank two has components

100

T=|001

010

~ with respect to a given Cartesian frame. The frame is rotated by

an angle o about its z3 axis (see part (b) of this question). Find
the components of the tensor in the rotated frame.
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