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1. The volume of water that flows over a spillway per second per unit length along the crest of the
spillway, O, depends on the height 4 of the water surface above the crest of the spillway, the
acceleration due to gravity g, a length / that specifies the size of the cross-section of the
spillway, the mass density p of the water, the dynamic viscosity p of the water and the
roughness height e of the concrete.

Show that O does not depend on u and p separately but only on the ratio p/p. What is the
general form of a dimensionally homogenous equation for Q in terms of the other variables?

You are told that Q depends linearly on 8. How then does Q depend on p and on u? Can you
 infer the dependence of Q on A? Explain your answer.

2. A compound pendulum‘ is formed out of a uniform spherical ball, of mass 5M and radius a, and
a thin uniform rod of mass M and length 6a. The rod is rigidly attached to the surface of the
 ball, pointing radially outwards from the centre of the ball. The other end of the rod is fixed in

pOsitiOn and the pendulum is allowed to oscillate freely in the vertical plane of the rod.

-a. Deduce the equation of motion of the compound pendulum from the principle of angular
momentum and, hence, identify the length of the equivalent simple pendulum.

b. The pendulum is initially held with the rod at an angle 7/4 to the downward vertical. What
angular speed must the pendulum be given to ensure that it completes at least one complete
revolution?

3. A wheel consists of a thin rim of mass M and radius @ and 12 equally spaced spokes each of
“mass m, which may be considered as thin rods of length a terminating at the centre of the wheel. -
Show that the axial moment of inertia of the wheel is given by

I=(M+4m)a?.

The wheel is set in motion along a straight horizontal path on a rough plane (coefficient of
friction u) with zero initial linear velocity and initial spin @. Show that, if the plane of the
wheel remains vertical throughout the motion, the wheel will slide for a time -

M+4m aow
‘2M+ 16m HE

and that, after this time, it will roll. Deté"rmine in which direction the wheel is moving when it
rolls.’

4. A particle of mass m is free to slide on a smooth straight horizontal wire. A second particle of
‘mass 7m is suspended from the first particle by a heavy rigid rod, of length 2/ and mass 6m.
The system is allowed to swing in the vertical plane of the rod and wire.
Choosing as coordinates the distance s of the mass m from a fixed point along the wire and the
ahgle 6 which the rod makes with the downward vertical, show that the Lagrangian function for
- this system is
7m3? +20 ml$6cosd + 18m 262 + 20mglcosd.

and, hence, obtain Lagrange’s equations of motion for the system.




' 5 A umform rectangular plate, with mass m and sides of length 3a and 8a, is constrained to rotate
about the fixed axis 4B, as indicated in the diagram below, with constant angular speed .

8a
2a /g/—r’”
] 2a
4 a

a. Express the angular momentum of the plate relative to its centre of mass G in terms of o, m
and a. '
b. Find the torque of the reaction couple which must act on the plate to maintain the motion.

o C. Fmd, also, a realisation of this reaction couple in terms of reaction forces acting on the
- plate.

, USEFUL FORMULAE
, Dimensional Analysis
The coefficient of viscosity u is defined by a dimensionally homogeneous equation of the form

force per unitarea = pu - (gradient of a velocity )

Rigid Body Dynamics (for a rigid body free to move with one point fixed)

Pr.inciple of Angular Momentum:
dy,) troxho =
| | (dtho) +(0’xho—Co
Principal Moments of Inertia of a uniform rectangular plate:
- If the edges of the plate are 2a and 25 and the mass of the plate is m, then the principal moments of

inertia at the centre of mass of the plate are + mb?, + ma® and 4 m(a* + b?), the corresponding
prmcrpal axes being parallel to the sides Yof length 2a and 2b, in turn and perpendicular to the plate.

» Lagrange’s Equations for a Simple Lagrangian System
Fora system with 7 degrees of freedom and corresponding coordinates
o RS @ i=12,...n,
‘the Lagrangian flmction is given by
| L(g,9) = I(q,4) — ¥(q).

_ The equations of motion are then given by

diaL |_oL _¢g ;=
dt[aqi] oq: 0, i=1,2,....,n




