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1. a. Describe the probabilistic interpretation of a wave function ¥(x, £) for a 1dimensional
particle. How is the expectation of an observable Q(x, p) defined? ‘ '

b.  The probability current is defined to be J(x, 1) = 21';- -%:'\I/ +y* %). Show that
| %prob(a < x < b) = J(b, ) - Ja,1).

c. Let {ya(x),n = 1,2,..} be an orthonormal set of energy eigenfunctions with eigenvalues E,.
Let '¥(x, ) be a general wave function with initial form ¥(x, 0) = anx CnWn(x). Show that

¥ = Y eaya) eXp(—iEﬁE’-).

nzl
d. Hence show that

(H) = Z Enlcn|2-

nzl

- 2. Consider a particle of mass m moving along a line with position x for 0 < x < 7 in an infinite

square well with potential
0, 0<x<
Voo = { x<m

o, otherwise

a. Show that the normalized energy eigenfunctions are
W) = |2 singm)
with energy E, = n2h2/2m.

~ b. Find the uncertainties o, 5, for the ground state y (x).
¢. Show that the Heisenberg uncertainty principle 6,0, > % is satisfied.

3. Consider the 1-dimensional Harmonic Oscillator system of mass m with Hamiltonian

52
o= P | mox?

: 2m 2
Define the ladder operators
‘ a= ——L—(zﬁ + mox),a’ = -—1-—(—zﬁ + mox).

J2m J2m
a. Showthataa*=}?+"T‘°anda*a=ﬁ—"7‘”. R
b. Show that with § = x/mo/h then

‘$[ho d t= [ho . d
| a4 [ L1y, 2 &+, |
~c.. Show that if y is an energy eigenfunction with energy eigenvalue E then a'y and ay are

eigenfunctions with energy E + hw and E — ho respectively. Hence show that the energy
eigenvalues are £, = (n + +)ho forn = 0,1,2...

d. Show that the ground state energy is Eo = —;—hm with normalized eigenstate

— (MO 14 12
WO_(nh)’exp( 2&)'



a. - Show that the energy eigenstates for a 1-dimensional system with even potential function
¥(x) can be chosen to be either even or odd functions in x.
b. Consider the energy eigenstates for a particle of mass m moving in the potential well

—_m_ < oslxl < "4',

PO= op> 2.

Show that thls system has a ground state with energy £ = -

2m*

a. Show for a free particle moving along a line that the energy eigenvalues are E; = h2k*2m
for any real k for eigenfunction

Yi(x) = exp(ikx).
Show that y(x) is an eigenfunction of the momentum operator p and explain why such

. momentum eigenstates are not physically possible.
b. A free particle (at some tlme f)is descnbed by a Gaussian wave packet

W( ) (2 2)1/4 p( x a2 )CXp(lkox)

: for some constants @ > 0 and ko. Show that the uncertamty in position o, = a.. _
¢. Show that the momentum space wave function ¢(k) = L r’ y(x) exp(—ikx)dx is given by

k-k
o0 = G 4;’>

for b = 2/a. How are the uncertainties o, and o, related in this case?

—t— exp(— (

a. Prove the Schwarz inequality for a states f, g in a Hilbert space

Khg < 1A llell,

where |[fil= {.f) etc.
b. Show for a given wavefunction  that 62 = |[f]]? for f = (x ~ (x))y and o} = |lg||? for

g=0@-®v

c.  Hence prove the Uncertainty Principle for x and p

7. Consider a particle of mass m moving in an infinite spherical potential well with potential

0, 0<
w»={ <a
w0, r>a

a. Show that the s-wave energy elgenfunctlons are glven by

wn(r) = ,[— 1 sin(22L).

' b Find the energy eigenvalues.
- ¢c. Show that the probability of finding m in the region r < a/2 is one half.
‘ You may assume that the Laplacian in sphencal ?olar coordinates is given by

2. ____ 2. 1 o
V 2 ar(r — ae(sme )+ pyrrrel




8. Consider the angular momentum operators I »L2,L3 obeying th; commutation relations
[Li,Lj] = ihG,‘j'kLk.
Define the ladder operators Ly = L + iL,.
a. * Show that the following commutation relations hold
[L%,L3] = 0,
, [L3,Ls] = +AL,.
b.  Show that L2 = LiL; + L% F hL3. ]
¢. Hence show that the L2 and L eigenstates |Im) obey
L|lm) = B2I(J + 1)jim),
Lslimy = hmiim),
for/ =0, —21-',1,%-,... withm = -/, -]+ 1,...,1- L1l
d. Comment on the physical realization of such eigenstates for integer and half-integer /.
9. A two particle system consists of spin s) = % particle together with a spin s; = —;— particle. -

“Describe the total spin eigenstates |sm) of the System in terms of the basis { Isim1) [s2m;)} and
‘hence find the Clebsch-Gordan coefficients Cii2m.

You may assume the relation Lillmy = h JAFmT£m+ 1) /Im + 1) for orthonormal
- simultaneous eigenstates of L2 and 5. ‘

Useful formulae

p= —ihba;, 1-d Momentum Operator

H= —2-1’—1ﬁ2 + V(x), 1-d Hamiltonian Operator
h-SP(x, 1) = B9, 1)

__ B2 e |
= Tm B W(x, 8) + V) ¥(x, 1), 1-d Schrédinger Equation




