Semester II Examinations, 2003/2004

- Exam Code(s) 3BS3,3BS5,3CS2,3PT1,3PT2,4BS4

Exam(s) Third Science, Fourth Science

Module Code(s) - MP324

~ Module(s) Quantum Mechanics (Honours)

‘Paper No 1
Repeat Paper

External Examiner(s) Professor Brian Straughan
Internal Examiner(s)  Dr. Micheal O Confhaola
Dr. Michael Tuite

Iqstructidns: - Full marks for FIVE correctly answered questions.

Duration 3hrs
No. of Answer books

Requirements ‘s
Handout
MCQ
_ Statistical Tables Yes - Log Tables
» Graph papef

ng Graph Paper
B Other Material
No. of Pages - 5

‘Department(s) Mathematical Physics

 Oliscoil na hEireann, Gaillimh GX A% |
National University of Ireland, Galway -



1.. Consider a particle of mass m moving along a line with position x for 0 < x < x in an infinite
square well with potential '

0<x<
V(x)={0’ x<T®

o, otherwise

a. Show that the normalized energy eigenfunctions are
V) = 2 sin(uo),
- with energy E, = n*h2/2m.

b. Find the uncertainties oy, 6, for the nth state Ya(X). .

c. Show that the Heisenberg uncertainty principle 6.6, > -—g— is satisfied. Which state(s) come
closest to satisfying the lower bound?

d. Suppose that at time ¢ = 0 the initial state of the system is

¥(x,0) = —J—‘_z—(wl(x) +y2(%).

What is the wave function W(x, ?) for later ¢?

2. Consider the 1-dimensional Harmonic Oscillator system of mass m with Hamiltonian

: 52
y- P~ max?
. H= Ty
Define the ladder operators .
= 1 s t= 1 i
a = ———(ip + mox),a’ = ——(~ip + mox).
m(p ) Jﬂ( p )

a. Showthataa' = H+ -&2"1 anda'a = H- 1'291
b. Show that with & = x/mw/h then

a= | B (E o, o= [lo Ly

c¢. Show thatif y is an energy eigenfunction with energy eigenvalue E then a'y and ay are
ceigenfunctions with energy E + ho and E ~ ho respectively. Hence show that the energy
eigenvalues are £, = (n+ +)ho forn = 0,1,2...

d. Show that the ground state energy is E¢ = —;—hco with normalized eigenstate
- (MO \1/4 ap Ny
Vo = (224 exp(— L2,

e. Show that the normalized eiggnfunctions are

— 1 n
Yy = W@T) Yo.




a. Show that the energy eigenstates for a 1-dimensional system with even potent1a1 function
V(x) can be chosen to be either even or odd functions in x.
‘b.. Consider the energy eigenstates for a particle of mass m moving in the potential well

2
—hT < O,IX| < '%:4_
0,lx| > &

Show that this system has a ground state with energy £ = ——2"71- and find the normalized
_ ground state.
c. - Show that the ground state is the unique bound state.

Vix) =

a. Prove the Schwarz inequality for states f, g in a Hilbert space

K&l < I liell,

. where ||[ffl= {f./) etc.
~ b. Show for a given wavefunction y that 62 = ||f]|? forf = (x - (x})\p and o3 = |ig||? for

g=0@-®)v
c. . ‘Hence prove the Heisenberg Uncertainty Principle for x and p.
-d.  Show that the Gaussian wave packet

W) = dexpate - ()2 exp(Z22),

is the umque solution with minimum value of 6.0, where A and a > 0 are constants. Express
ox and 6, in terms of a.

5. Consider a particle of mass m moving in an infinite spherical potential well with potential
0, 0<r<
() = { oer=a
w, r>a

a. Show that the s-wave energy eigenfunctions are given by

— 1 1 cinnTr
Yult) = 7 sm(——).
() 42na ( a )

b. Find the energy eigenvalues.
c. Show that the probability of finding m in the region r < a/2 is one half.
You may assume that the Laplaclan 1n sphencal Polar coordinates is given by

vi= "o (l" (§1; 9 r2 s;nzﬂ 82 °

r sin(-) 0



6. Consider the angular momentum operators L1,L,, L3 obeying the commutation relations
[Li,Lj] = ihEykLk.
Define the ladder operators Ly = L + iL,.
a.  Show that the following commutation relations hold
[L%,L3] = 0,
[L3,L:] = tAL;.
b. Showthat L2 = LyLs + L3 F hL;.
~C. Hence show that the L2 and L3 eigenstates |In) obey
L?)imy = B2l + 1)|im),
- Li|lm) = hm|lm),
forl=0,%,1,3,... withm = —1,~1+1,...,1- 1,1

b 2 b
d. Show that orthonormalized eigenstates {Im) obey

Lylimy = b JAFm)@ £m+ 1) im = 1)

7. Atwo particle system consists of spin 5; = % particle together with a spin s, = —;— particle.

Describe the total spin eigenstates [sm) of the system in terms of the basis { |sim1) |samz)} and
hence find the Clebsch-Gordan coefficients C3152, .

You may assume the relation Li|im) = A JUFm)TEm+1)|lm+ 1) for orthonormal
* simultaneous eigenstates of L2 and L.

‘8. A Hamiltonian H° has orthonormal non-degenerate eigenstates w9 for energy E9. Let

H = H° + \H' be a perturbed Hamiltonian for small A,

a. Show to first order in A that £ and y are perturbed to

| En = E} + My, H'yY),
_ (Wi H'yl)
Yn=Wl+A) —E"SI—:F%—W%
] m¥n
b.  Verify the result for E, for the Harmonic Oscillator Hamiltonian H° = % + L"z”‘—z with
H = \x?,
- You may assume that ag’ = H+ 42 and g'q = H - £ fora = 72‘_”—'-(1'13 + mmx).
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9. Consider a system consisting of two spin 1 particles of spin SO = 400 and 8@ = 2™ ang
- with zero total spin where ¢ = G1i + 63 +03j for lfauli spin mgtrices 61,072,063, .
2. Show for any two unit vectors 4 and b for P(8,b) = (4.6Wb. @) that
P(4,b) = -a.b.
b. Suppose there is a hidden variable A with density function p(A) such that the spin
- measurements are described by functions A(4,A) and B(b, A) respectively taking values +1.
For P(4,b) = I P(A)A(4, A)B(b, A)dA prove Bell’s inequality
|P@,b) - P@&,8)| < 1+P(b,0).
c¢. Demonstrate that Bell’s inequality fails for the quantum mechanical prediction for P(4, ﬁ).
Comment on the significance of this result.
’ Useful formulae

p= —ih-a%-, 1-d Momentum Operator
A= 71”—1-132 + V(x), 1-d Hamiltonian Operator
ih—g?‘l’(x, §) = A¥(x,1) |

LR e
= Tom 22 W(x, 0 + V(x)¥(x,?), 1-d Schrédinger Equation
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