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1. Consider the following initial boundary value problem for a function u = u(x,1):

%%:az%i—éi,0<x<l,t>oa
.Qu__=()onx=0,t>0,
ox

u=0onx=1,¢>0,
u=f(x)att=0,0<5c<l,

~ where S(x) is a given smooth function and a2 is a positive constant. Solve this problem using
the method of separation of variables. What is the solution if fx) =x?

2. Consider the following two point boundary value problem for a function y(x):
Ly)=2r(x)y, 0 <x < 1,

aiy(0) +azy'(0) = 0, byy(1) +byy'(1) = 0
o ~ where

~_d ﬂq
| L) = - (p) L) + gx)y
and where p(x), q(x),r(x), a1, a2, b1, b, satisfy all of the usual conditions for the above

“problem to be regular.

-a. If u(x), v(x) are any pair of twice continuously differentiable real valued functions, then
show that

(L(@),v) = (L) = -p(e) (' (x)v(x) - uCx)v' (x))|L,
where (u,v) = I; u(x)v(x)dx is the usual inner product. If, in addition, u(x), v(x) satisfy
the boundary conditions on x = 0,1 given above, then show that (you may assume that
axb; + 0)
(L(w),v) = (u,L(v)).
b. Determine the normalized eigenfunctions of
Y'+ iy =0, 9(0) = (1) = 0.
- Find the expansion of f{x) = x? in terms of these eigenfunctions.

3. Consider the following boundary value problem for Laplace’s equation in a cylindrical
region:
Qu 1 0u  u

op?r P 0z2
u=0onp=a,0<z<b,

=0in0<p<a 0<z<b,

u=0onz=0,0<p<aq,
» _ u=flp)onz=5,0<p<a,
where u = u(p,z), a, b are positive constants and f{p) is a given smooth function.
‘a. Letting u(p,z) = R(p)Z(z), show that
o ' ‘ P’R"+pR +Ap*R=0andZ' -~ AZ =0
where 1 is the separation constant.
~b. Construct the eigenfunctions for the boundary value problem, and hence obtain the
~ solution for u. ‘
* Note. The equation p?R" + pR' + Ap2R = 0 has the general solution
R(p) = A4Jo(JA p) + BYo(JZ p) where A4, B are arbitrary constants and Jy, Y, are
Bessel functions of order zero of the first and second kind, respectively.




4. Consider the following initial value problem for the heat equation:

%:K%,m<x<w,t>0,

u=fix)att=0,-0<x <
where u = u(x, ), K is a positive constant and f{x) is a given smooth function. The intervals
—0 < x < oo and ¢ > 0 are split into the uniform grids
o <X <X <X0<X]<X2<..and0=1 <t <2 <..
~ where x; = j(Ax),j = w=2,-1,0,1,2,...and t; = kK(AD), k = 0, 1,2,... with a view to solving
the problem numerically using finite difference techniques. The numerical approximation to
u at gridpoint (x;, ) is denoted by U}. :
a. Using standard finite difference approximations for the derivatives, derive the
following implicit time-stepping scheme for solving the above problem:
.—' Khl]}:_l + (1 + 2Kh)l]}*"' IG‘IU}‘_H = U;‘—l’
where h = At/(Ax)?2. -
b. Denote by é‘}‘ the error in the implementation of the above difference scheme; these
errors also satisfy the scheme. By considering a representative Fourier term
ek = exp(i(6)f + Ak)) (i? = —1) where @ and 2 are constants, show that
exp(~iA) = 1 + 4Khsin?(0/2),
and hence show that the implicit scheme is von Neumann stable for allh > 0.
¢. Derive an explicit scheme for the wave equation
’ SPu _ 28
: or? o2’
where u = u(x,?) and ¢ is constant, using standard central difference approximations
for the second derivatives. Derive a stability criterion for the scheme.

5. Consider the following initial boundary value problem for the wave equation on an infinite
domain:

2 2
%;z'i=9%12‘-,—oo<x<oo,t>0,

u = 4exp(-5Sjx))att =0, —o < x <o,
%—=Oatt=0, — < X < 0,

- where u = u(x,?). You may assume that u and its derivatives tend to zero as x - . Solve -
this problem by taking Fourier transforms in the x variable.

Notes: (i) The Fourier transform and Fourier inverse transform of a function f{x),
—o0 < X < 0, are

R 1 o 1 0 e
C) = —=— e'*fix)dx and f(x) = —— e *f(c)dc.
| &) = == [ e and fie) = = [ e ")
(ii) You may assume that the inverse transform of

"7'2-[— —2-5%3‘6“7 cos(3ct)
is given by
‘ 2 exp(=5jx + 3t]) + 2 exp(~5p — 31)).



