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{a) The relationship between two variables = and y is often surnmarised by a correla-
tion coefficient p. Write brief responses to the following questions, using pictures
to illustrate your answers where appropriate.

(i) What range of values can p take?

(ii) If there is a strong positive correlation between x and y, what does this mean?
Are there situations where a large value of the sample correlation coefficient
can be misleading?

(iii) If there is a zero correlation between z and y does this mean that the variables
are unrelated?

(iv) What should we do to help us avoid making incorrect inferences from a sample
correlation coefficient?

(b} Consider a simple linear regression model
vi=0+Mhrite i=1,...,n

(i) Which is the response variable and which is the explanatory variable? How
does the situation here differ from using correlation?

(i1) What is the interpretation of the linear model Sy + 81z and, in particular, the
coeflicients By and 37

(iii) What assumptions are made about the error terms ¢;7

(iv) Describe briefly the least-squares principle for estimating 8y and 8;. What
quantity do we minimize?
(v} Writing the fitted values from the model as ¥;, an important result is that

Syy = SSr + SSE,
where
n ™ Tt
Syw=Y w—9*  SSa=) H-9> 8Se=3 (-0
i=1 i=1 i=1

Explain the meaning of these quantities.

For a particular regression analysis on 32 observations, we have Sy, = 140 and
S5 = 120. Use these quantities to construct the ANOVA table and test (at
the 0.05 level) the significance of the regression on ., i.e. test

8 Hy: B =0 against Hy: 05 #0.
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2.

(a) Consider the following edited MINITAB regression output on the forced expira-
tory volume (FEV) of a sample of men and its possible relationship to cigarette
consumption, age, weight, and height.

Regression Analysis: FEV versus CIGS, AGE, HEIGHT, WEIGHT

The regression equation is
FEV = 0.16 + 0.00765 CIGS - 0.0319 AGE + 0.0164 HEIGHT + 0.0149 WEIGHT

Predictor Coef SE Coef T P
Constant 0.156 1.647 0.09 0.925
CIGS 0.007647 0.007105 1.08 (.284
AGE -0.031910 0.008748 -3.65 0.000
HEIGHT 0.016407 0.009462 A 0.086
WEIGHT 0.014945 0.005447 2.74 0.007

S = 0.495613 R-8Sq = B% R-Sqladj) = 25.8Y%

Analysis of Variance

Source DF S8 MS F P
Regression 4 C 2.3804 D 0.000
Residual Error E 23.5807 0.24586

Total 100 33.1023

Source DF Seq SS

CIGS 1 1.12862
AGE 1 4.3939
HEIGHT 1 2.1461
WEIGHT 1 F

(i) Find the values of A, B, C, D, E and F.

(i1} What can you say about the effect of cigarette consumption on FEV?7 Is this a
significant effect?

(iii) Use the partial F~test to test the significance (at a = 0.05) of weight and height
taken together, i.e.

Hy:833=04=0

where these §'s aré‘the coeflicients of the variables HEIGHT and WEIGHT. Interpret
your findings.

(iv) What can you say about the relationship between the explanatory variables
WEIGHT and HEIGHT? Hint: consider the significance of the HEIGHT term in the
fitted regression model and the sequential sums of squares.
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(b) Consider now the following MINITARB best subsets regression output for the male
FEV data:

W H
E E
ICI
AGIG
Mallows GHGH
Vars R-Sq R-Sq(adj) C-p 8 ETST
1 15.0 14.1 17.6 0.563324 X
1 12.2 11.3 21.3 0.b54179 X
2 26.2 23.7 5.8 0.50259 X X
2 22.3 20.7 9.7 0.51221 X X
3 27.9 25.7 4.2 0.49602 Y X X
3 26.5 24.3 6.0 0.50071 XXX
4 28.8 25.8 5.0 0.49561 X X X X

(i) Explain the meaning of this output.

(ii) Plot R? against the number of variables in the model and use this to select a
possible model for these data.

(iif) Using the other criteria given here (R?-adjusted and Cp) which models would
you select. Why?

(iv) Having used this output to select one, or more, models, what would you do
next?
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3. In a study of the wood reserves in a forest the aim was to find a predictive relationship for
the volume of wood (only measurable by destructive methods) in terms of the diameter
at a specified height on the trunk . Data was obtained for a sample of 31 trees and a
simple linear regression model was fitted giving the following output and fitted line plot:

The regression equation is
Volume = ~ 36.9 + 5.07 Diameter

Predictor Coef BE Coef T P
Constant -36.943 3.365 -10.98 0.000
Diameter 5.0859 0.2474 20.48 0.000

S:

4.25199 R-Sq = 93.5% R-Sq(adj) = 93.3%

Analysis of Variance

Source DF S8 Ms F P
Regression 1 7581.8 7581.8 419.36 0.000
Residual Error 29 524.3 18.1

Total 30 8106.1

(2)
(b)

(¢}

Scatterplot of Volume vs Dlameter

Volume

LI+ 125 15.0 17.5 20.0

Write down the fitted regression equation and interpret the coefficients. Do these
make sense?

Test the significance 01‘ the regression and give an approximate 95% confidence
interval for the estimated coefficient for diameter. Comment on how well the fitted
model explains the data and whether you think that it might be useful for prediction.

Using this model to predict volume for a tree of diameter 20 units gave the following
output
New Obs Fit SE Fit o5% CI 95% PI

20 64.374 1.837 (60.618, 68.130) (54.801, 73.846)

Explain the meaning of this output and, in particular, the difference between the
95% C¥ and 95% PL
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{d) Animportant aspect of any regression analysis is the checking of model assumptions.
What are the assumptions that we need to check, both about the systematic part
of the model and the error terms? Explain how the residuals can be used to check
each of these specific aspects. |You may find the plots in the figure below a useful
reminder.}

(e) Now consider the output below in more detail. What do each of these various plots
tell you about the adequacy of the regression model in this situation? How might
the model be changed to try and improve matters?

Residual Plots for Volume
I Normal Probability Plot of the Residuals Residuals Versus the Fitted Values
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4.

(a)

In studying the effects of a number of different treatments, what do we mean by a
s completely randomised design?
¢ randomised block design?

What is the aim of blocking?

The analysis of variance model for a randomised block design with ¢ treatments and
b blocks is sometimes written as

Yigk = B+ 7o + 535 + €ijx, fori=1,....,¢t;5=1,...,b;k=1,...,r

where g is the overall mean. Interpret each of the other terms in this model and
state the usual assumptions that are made.

To compare the compressive strengths of concrete using three different drying meth-
ods (treatments), concrete was mixed in batches that were just large enough to
produce three cylinders, one for each drying method. These were then subjected to
strength tests. This was repeated 5 times giving the data below.

Batch
Treatment B; By By By Bs
T 52 47 44 Bl 42
b 60 55 49 52 43
13 o6 48 45 44 38

(i) A simple one-way analysis of variance comparing the three treatments gives the
following output:

Source DF 88 Ms F P
treatment 2 89.2 44.6 1.30 0.307
Error 12 410.4 34.2

Total 14 459.6

S = 5.848 R-Sq = 17.85%
Explain the meaning of this cutput. Write down the null and alternative hy-
potheses that are being tested by this analysis. What do vou conclude here?

Why may this not be an appropriate analysis?
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(il) Now consider the following output from a two-way analysis of variance:

(iii)

Source DF 88
batch 4 363.600
treatment 2 89.200
Error 8 46.800
Total 14 499.600

S = 2.41868 R-Sq = 90.

M8
90.900
44,600

5.850

63%

F P
16.54 0.001
7.62 0.014

Once again explain the meaning of the output, write down the hypotheses being
tested and give your conclusions. What can you say about the effectiveness of
the experimental design? Are there any shortcomings in the experiment as
. performed?

To compare the three different drying methods we can look at comparisons
hetween the treatment means allowing for batch variation as below.

Bonferroni 95.0% Simultanecus Confidence Intervals

treatment

1 subtracted from:

treatment Lower Center Upper ------

2 -0.013 4.600 9.213
3 -5.613 -1.000 3.613

-6.
treatment = 2 subtracted from:
treatment Lower Center Upper -—--~
3 -10.21 -5.600 -0.9868 (-—-

e S +
(————~— Hmm = )
(=== *m—— )
—tm e Fommmm———— ommmm e
0 0.0 6.0
——— e o Fmm e
e )
+—m= + ———tm
-6.0 0.0 6.0

e What do vou conclude about the three treatments?

¢ Why have we used the Bonferroni method to make these comparisons rather
than simple 95% confidence intervals?

+ What has been the effect on these comparisons of allowing for batch variation?

3
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.

(a)

Explain how indicator variables can be used to incorporate categorical variables
(factors) into regression models for a response variable Y. For a 4-level factor, A,
how many indicator variables wonld there be in the regression model?

What is the relationship between the indicator variable regression model and a
one-way analysis of variance of ¥ over the factor A?

The following MINITAB analyses are on data from a study of womens cholesterol
levels based on samples from two US states, Jowa and Nebraska. The age of the
women was also recorded. The Iowa and Nebraska variables are indicator variables
for the two states.

Regression Analysis: chol versus Iowa, Nebraska

* Nebraska is highly ceorrelated with other X variables
* Nebraska has been removed from the equation

The regression equation is
chol = 217 - 9.4 Iowa

Predictor Coef SE Coef T P
Constant 217.11 13.91 15.61 ¢.000
Iowa -9.38 22.97 7TTTT 0.686
8 = B0.63 R-Sq = 0.6% R-3q{adj} = 0.0%

Analysis of Variance

Source DF 58 MS F P
Regression 1 613 613 7777 0.686
Residual Error 28 1029024 3876

Total 29 103537

(i) Obtain the missing F-value and comment on the size of the p-value.
(ii} Calculate the fitted values for the two groups. What do these fitted values
correspond ta?
{iii) Use the output to perform a t-test (at oo = 0.05) of the difference between the
population mean cholebterol levels of women in the two states. How does your
test relate to the usual two-sample t-test that could be used here?
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{¢) The following output, with some missing entries, is from a simple analysis of covari-
ance,
Regression Analysis: chol versus age, Jowa, Nebraska

* Nebraska is highly correlated with other X variables
* Nebraska has been removed from the eguation

The regression equation is
chol = 82.2 + 3.04 age - 35.9 Iowa

Predictor Coef SE Coef T P
Constant 82.16 24 .47 3.36 0.002
age 3.0414 0.5102 5.96 ¢.000
Towa -35.91 16.00 TPTP? YT
S = 40.57 R-8q = B7.1% R-8q(adj) = 53.9%

Analysis of Variance

Source DF EE] M3 F P
Regression 2 £9103 29551 PEITY ?TTIT
Residual Error 27 44434 1646

Total 29 103537

(1) Write down the separate fitted models for the two groups.
Sketch these fitted models and interpret each of the parameter estimates.

(ii) Perform an F-lest at e = (.05 to test the overall significance of the regressicn.
What is the interpretation of the null hypothesis for this test?

(iif) Use a t-test (at o = 0.05) to test the difference between states in this model.
Comment on your result and compare it and the estimates for Iowa with those
from the first analysis. Explain any similarities and differences. Can you think
of any reason for what you have observed?
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