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Answer three questions.

Q1. (a) Prove that Stendard Brownian metion By is a Gaussian process,
and hence prove that (TY2By ..., TY2B, ) = (Br4,,- .., Br,)
forevery T >0, ¢ >0,¢1=1,...,n, and n > 0,

(b) Prove that B; is a.s. non-differentiable at ¢t = 0.
(¢) Prove that B, is a.s. non differentiable at every ¢, t > 0.

Q2. (a) Prove that eBée%/? is an ¥, martingale, where F; is the natural
filtration for Brownian motion.

{b) Let §2 = [0,1] with the o- field of Borel sets, and let P be Leg-
esgue measure on [0, 1].$Consider the random variables X (w) =
2w?, Y{w) =1-|2w—1{, w € [0,1]. Describe o(Y), and calculate
E(X|o(Y)).
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Q3.

Q4.

(a)

In the Vasicek model the instantaneous interest rate ry satisfies;
dry = c[p — ry]dt + 0dBy, t € [0,T],

where ¢, 4 and ¢ are positive constants. Use the [to Lemma to
solve this stochastic differential equation and hence prove that;

E[r =roe”+ u(l - ™), ry €R.

Consider a self-financing strategy (a;,b:), and associated value
process V; = a; Xy + by S = uw{T — ¢, X,}, t € [0,T]. Assuming the
stock X; and bond §; satisfy dX; = cXidt + o XdB;, ¢c,0 > 0,
and dff; = rfdt, r > 0, respectively, derive the Black-Scholes
partial differential equation;

2.2

1.
uift, ) = 50°% uget, 2) + raus(t, ) — rult, =)

z>0,t€0,T].

State Girsanov's (change of measure) theorem. Assume that
in the Black-Scholes model there exists a self-financing strat-
egy {ag, b:) such that the value V; of the portfolio at time ¢ is
Vi = ap Xy + b3, t € [0,7], and V7 is equal to the contingent
claim A{X7). Prove that

Vi = BEgle "I Yh(X7)|F,]

where J, is the natural filiration for Brownian motion, and @ is
the equivalent martingale measure in Girsanov’s theorem which
converts By + @t into standard Brownian maotion.

Prove that the European put price Pr and the European call
price Cr (with strike priga K} are related by the formula Pr =
Cy — Xg + Ke ™ wherethe stock price satisfies dX; = cXydt +
oXdBy, c,0 > 0.



