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In addition to this paper you should have available an electronic
calculator not capable of storing text and logarithmic tables.

ATTEMPT THREE QUESTIONS.
ALL QUESTIONS HAVE EQUAL MARKS.
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1. (a} (i) Define the Markov property mathematically when applied to a discrete
parameter stochastic process.

(ii) Explain the concept of Markov chains having stationary tranosition
probabilities.

(b) If X,, n > 0is a two state Markov chain with

P(Xn+l = 1|X‘n = 0) =

P(Xﬂ--i-l = OIX'H = 1) = ff,
find:
()
P(X, = 01Xy = 0, X, = 0),
(ii)

P(X1 # X)
if P(Xy = 2p) = mp(0),
(i)
Po(Ty = n),
(iv)
P(Ty = n).

Show all your work.
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(a) Define:

(i) recurrent state,
(ii) transient state.

(b) For arbitary states z and y prove that

Pm(N(y) - Tn} = p:nyp‘;;_l(l - :O!,HJ)>

where N({y} is the number of times that the chain is in state y.

(c) Consider a Markov chain on { 1, 2, 3, 4, 5, 6} having transition matrix:

1 2 3 4 56
1 i 3 g9 000
2 ¢ 1 00 00
3 0 0 %2 0 %2 0
4 & % 00
5 c 2 0 2 0
6 0 3 01}

(i} Determine which states are transient and which states are recurrent.
Explain your answer fully.

(ii) Find ppiy(x) with z = 2,4,6.
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3.

{a) Let Xy, n > 0, be a Markov chain whose state space H is a subset of
{0, 1, 2, ...} and whose transition function P is such that

> uplz,y)= Az + B, zeH (1)
k)

for some constants A and B.

(i) Show that B[X,..| = AE[X,]+ B.
{ii)) Show that if A # 1, then

E[X,] = % + A? (E[XD] - 1—532) .

(b) Let X5, n > 0, be the Ehrenfest chain on {0, 1, 2, ...d}. Show that
equation (1} in part (a) holds and use it to compute E,[X,].

4. (a) In the context of Markov pure jump processes, define F.(¢) and the
transition probability Q.

(b) The forward equation relating the probability that a Markov pure
jump process starting at = will be at state y at time ¢ to the infinites-
imal parameters is

p;y(t) = Z Dz=z (t)(}'zy .

The infinitesimal parameters g, are

G =1 & Y=2
v QIQIy y?ég:‘

Find the transitior’f function of the two-state birth and death process
by solving the forward equation.



