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Answer three questions.

The number X of phone calls received by a typical garda station in a given hour
has fx(z) = A%e™*/z! (x =0,1,2,...). Let Y be the time a garda has to wait
between arriving on duty and receiving the first call. Show that ¥ has density
function fy(t) = de™™ (t > 0).

A garda station receives an average of 3 phone calls per hour. What is the
probability that a garda receives his first phone call during the second hour of
his duty shift?

A point is chosen uniformly from one side of an equilateral triangle with sides
of length 2. Let X be the distance from the point to the opposite vertex. Find
the distribution functicn of X. Also, express the cxpected value of 1/X as a
definite integral.

Suppose that X, Y are random variables with joint density function fxy given
by the following table.

Y|-1 0 2 6
X
~2 1/9 1727 1/27 1/27
1 2/9 0 4/27 7
3 0 0 1/9 4/27
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i. Find the marginal distribution function Fx(x).
it. Are X and Y independent? (Justify your answer.)
iii. Find the probability that XY is odd.
iv. Find the conditional density function fx;y{z{2) for X given that ¥ = 2.
v. Find the expected value of X% + Y2
vi, Pind the expected value of X? + Y2 given that Y = 2.
The times (in minutes) it takes Peter and Paul to solve a problem are indepen-
dent and exponentially distributed with parameter A. Find the probability that

Peter will take at least twice as long as Paul to solve the problem. Also, express
the expected value of the sum of their times as a double integral.

State the Central Limit Theorem.

An opinion poll is to be carried out to determine the number of people who would
currently vote ‘ves’ in the forthcoming referendum on the EU constitution. We
would like to be 95% confident that the poll’s estimate is within 3% of the actual
number. How many people would you poll? Justily you answer and state any
assumptions you make.

Prove the Central Limit Theorem. You may assume the Continuity Theorem
and that

Tim n(log dx, (t/0 /) = iu(t/ov/m) = /2

for any random variable X, with mean p and non-zero variance o?.

4. Attempt only three of the following.

(a)

Suppose that the weight X of a random person is normally distributed, that
50% of people weigh less than 80 kilos, and 25% weigh less than 70 kilos. What
percentage weigh over 90 kilos?

Let f(z) = (3)6°(1 50" and g(z) = A®e~*/zl. Prove that, for a positive
integer z and for a fixed A > 0 with 8 = A/n, lim, . f(z) = g(z).

Define a probability density function and prove that f(t) = Nﬁe"“‘“)zm’z is
such a function for any constants ¢ > 0 and u.

Let X be arandom variable with moment generating function My (t) = e#te? /2,

Calculate the mean and variance of X. Also, for x4 = 0, calculate the moments
E{X™) and the characteristic function ¢x(¢).

Let X,Y be independent random numbers uniformly distributed on [0, 2]. De-
termine the expected distance between X and Y.



Values of the standard normal distribution func‘t.:ion

Probability

Table entry for z is the ' ' z
probability Iying below z. '

‘TABLE A" Standard normal probabilities (Continuer

z 00 01 .02 03 .04 03 .06 07 .08 09
0.0 5000 5040 .5080 .5120 5160 5199 5239 5279 5319 .5359
0.1 .5398 5438 5478 5317 5557 5396 5636 .5675 5714 .5753
0.2 5793 5832 5871 5910 5948 .5987 6026 6064 6103 .6141
0.3 6179 6217 6235 .6293 6331 6368 6406 5443 6480 6517
0.4 .6554 6591 6628 6664 6700 6736 6772 6808 6844 6879
0.5 H59215 .6950 6985 7019 7054 .7083 7123 7157 71590 7224
0.6 7257 7291 7324 7357 7389 7422 7454 7486 7517 .1549
0.7 7580 7611 1642 J673 7704 7734 T764 7794 7823 .7852
0.8 7881 7910 7939 7967 7995 .8023 8051 .8078 8106 .8133
0.9 8159 8186 8212 8238 8264 8289 8315 .8340 8365 .8389
1.0 8413 8438 .8461 -8485 .8508 8531 8554 8577 8599 8621
1.1 .8643 L8665 .5686 8708 8729 8745 8770 8790 .8810 8830
1.2 .8849 8869 .8888 89207 .8925 .8944 8962 8930 8997 9015
1.3 9032 9049 5066 8082 5099 9115 L5131 9147 9162 8177
1.4 9192 9207 9222 9236 92351 9265 9279 9292 9306 8319
1.5 9332 .9345 9357 .9370 9382 .93%4 9406 9418 .9429 9441
1.6 9452 9463 9474 9484 9495 9505 9515 .9525 9535 .9545
1.7 9554 5564 9573 9582 9591 9599 9608 9516 9625 8633
1.8 9641 9649 9656 .9664 9671 9678 .5686 9693 2699 5706
1.9 9713 9719 9726 9732 .9738 9744 9750 9756 9761 9767
2.0 9772 9778 9783 9788 9793 8798 9803 9808 9812 9817
2.1 .9821 9826 8830 9834 49838 9842 9846 J9850 .9854 9857
2.2 9861 9864 9868 9871 9875 9878 9881 9884 9887 9890
2.3 9893 9896 .9888 9901 9904 9906 990% 9911 9913 9916
2.4 9918 9920 9922 9925 9927 .9929 9931 8932 .9934 9936
25 9938 9540 9941 9943 - 9945 9946 9948 .9949 29951 9952
26 .9953 .9955 9556 D957 .9959 9960 9961 9962 9963 9964
2.7 9965 9966 9967 9968 9869 9970 9971 9972 9973 9974
2.8 9974 9975 9976 9977 9577 9978 8979 9979 9980 9981
2.9 9981 9982 9982 9983 9984 9984 9985 L9985 9986 9984
3.0 9987 9987 5987 9988 9988 5989 9589 9989 .9990 9990
3.1 9990 .9991 9991 9491 5992 9992 .99532 9992 9993 9993
3.z 9993 9993 9984 .9994 9994 9994 9994 9995 9995 8995
3.3 9995 9995 .9995 9996 9986 9996 9996 0996 9956 0997
3.4 9997 9597 5997 9997 9997 8957 8997 9957 9997 5998




