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Full marks for three questions.

(a) Show ||z}l £ |lzfr forall z € I7.

A5%

(b) Let X and Y be normed spaces with T : X — Y a linear mapping. If T
is continuous at 0 show there exists M > 0 with ||Tz| £ M| X|| for all

Tz e X.

{c) Let X be a normed space and Y a Banach space. Show B(X,Y) is a

Banach space. 5

(a) Show that the dual space (¢g)" is isometrically isomorphic to {*.

(b} A linear functional is defined on the Banach space I® by ¢(z) = 2z, — 3z, +

Try — 5z where T = {2,,%,,...) € [®. Find the norm of ¢.

p-t.o.



3. (a) Let X be a normed space and z¢ € X with 2y # 0. Use the Hahn-Banach
theorem to show that there exists a bounded linear functional ¢ on X with

ol = 5y and ¢(zo) = 1.

(b) Show ¢; (with the usual sup norm) is not a Hilbert Space.

(c) Let K be a nonempty closed convex subset of a Hilbert space H. Show for
every £ € H there is a unique y € K with

—y|| = inf }lz — 2||.
Iz = yll = inf = 2|

4. {(a) Suppose H, and H; are Hilbert spaces and 7" : H; — H; a bounded linear
operator. Define the Hilbert adjoint T™ of T. Show T™ exists, is unique,
and is a bounded linear operator with norm ||7*|| = ||T|.

(b) Let S :1? — {2 be given by

S(z) = (0, z1, z2, ...)whenz = (z,,22,...)

For n € {1,2,...} show S™(e +1) = €n.



