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1. A quantum particle is confined to a one dimensional infinite square well potential
0 0<x<a,
Viz) =
w otherwise

Show that the allowed energy levels of the particle and the corresponding normalized
eigenfunctions are given by

_ Rxln? 2 .
Ea= EE ) < |2 sin(nmx)

where n is an integer taking the values 1,2,3.....
Consider a particle in an infinate square well potential whose wave functionat = 0 is

=3 4 L
¥(x,0) /30 wi{x) + 730 walx) + /e wa(x)

(a)Find the average energy of the particle.

(b)Find the state W(x,?) at a later time ¢ and the average value of the energy. Compare the result
with the value obtained in (a)

2. A uniform stream of particies of mass m and energy £ > 0 which move in the positive
x — direction impinges normally on the potential barier

Vix) = { 0, forx<0

Vo, forx >0

(a)Find the reflection coefficient R.
(b)IfE = %’-, show that R = &

3. (a) Explain what is meant by an Hermitian operator and prove explicitly that p, = —iﬁ% is an
Hermitian operator on the space of square integrable functions.
{b) Show that the etgenvalues of an Hermitian operator are real and that the eigenfunctions
corresponding to the distinct etgenvalues are orthogonal.
(c) If 4 and B are Hermitian operators which commute and if ¥y and ¥, are two eigenfunctions
of 4 with different eigenvalues show that (i} (*¥1,8Y2) = 0 and (it) B'Y, is also an eigenvalue of
A belonging to the same eigenvhlue.

4, Consider a particle described by the wavefunction
W(x,f) = de W*
(a) Find 4 so that ¥(x) is properly normalized.
{(b) What is the probability of finding the particle in the region [-L, L/2]?
(e) Find ¥(p), i.e the momentum space wave function.



5. The Hamiltonian operator for a one-dimensional harmonic oscillator is given by

2
H = % + %‘—mcozx2

where [x,p] = ik
By transforming to operators a and a* where

a= 1 ip t 1
yA i R e

ma) x)

show that
H={(aa+ %)ﬁm = (aa' - El—)ﬁm, [a,H] = akw,[a",H] = —a"he
Hence or otherwise, show that the eigenvalue spectrum of / is
En=(n+ %)ﬁm; n=012,..

6. If A and B are two Hermitian operators and [4, B] = if, derive the uncertainty relation

4
AAAB?Z

where (A4)? = {(4 - (A))?)
Prove that A4 = 0 if and only if 'V is an eigenstate of A.

7. The components of the angular momentum J of a system satisfy the commutation relations
JoJg — JpgJa = iHJ,
where (a, f,7) is any cyclic permutation of (x,y,z). If the operators J, and J_ are defined by
Jo=Jde +iy, Jo=J i,
show that

3
. Jd=HA, [ J.] = B
JJ. =P -Labl,, J I ==t -h],

_Outline the steps by which it is established that the simultancous eigenstates of J2 and J, are
written in the form |jm} where

Flimy = B3 + Dljm), J.[jm) = miijjm)

132

wherej~0,2, T2y T e



8. Show that the time derivative of the expectation value of any observable A is given by
Ay =L 94
dt “) ih {4, H]) + ( ot )
If A, B, C are any three operators, show that
[4,BC] = [4,B]C+ B[4,C], [AB,C]=A[B,C]+[4,C]B
Prove the following results for a free particle moving in one dimension.

d oy -
ZPr=0
20 = 3 )

L) = e+ p)

9. A particle of mass m is confined within a sphere of radius a by the spherically symmetric infinite
square well potential
0 ,r<
V() = { r=a
© ,r>a

What boundary condition must the wave function satisfy on the sphere » = a?. Show that the
stationary states with spherically symmetric wave functions(i.e. s-states) are of the form

1 1 .cnar
w(r) = ——=—sin( &=
for r < a, where n is a positive integer. If the particle is in a state described by the (normalized)
wave function

y(r) = |52 (a-r)

show that the expectation value of the energy is -

2. 1028 L_ 9 (5ing2- L0
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