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1. Consider a particle in a potential

<y <
V(x)m{O 0<x<a

w otherwise

Show that the allowed energy levels of the particle are given by
E, = hn’n’
2ma?
and find the corresponding normalized energy eigenfunctions.
The state of the particle at time ¢ = 0 is

¥(x,0) =A[ﬁwl(x)+ v+ [Evwe [ %(x))

(a) Determine the normalization constant 4

(b) What is the probability, when the energy of the particle in the state ¥(x,0) is measured, of
finding a value smaller than 3% :2 ?

(c) What is the mean value and the root-mean-square deviation of the energy of the particle in the
state ‘¥(x,0) 7

(d) Calculate the state vector 'W(x, ¢) at the instant £. Do the resuits found in (b) and (c) at the
instant f = 0 remain valid at an arbitary time 7

(e) When the energy is measured, the result B:’w Z— is found. After measurement what is the state
of the system? What is the result if the energy is measured again?

2. Use the Schrodinger equation for a particle moving in a potential ¥(r)

50y = _ 2
in at‘i’ 2mV Y+ V(¥

to derive the equation

aLgﬁ)—m;‘vj(r,z) -0

where
p(e0) = E(0P, §(6,0) = 2 [¥* (V) - ¥(V97)]

Interpret p(r,¢) and j(r,1).

A uniform stream of particles of mass m and energy F = -Z—U which move in the positive

x —direction impinges normally on the potential barrier

0, x=<0
x) = Vo, O<x<a
0, x>a
Show that the transmission coefficient T'is given by T = cosh™(ka), where &2 = ’”ﬁ—‘:“

[ Note: div(¢A) = pdivA +(V¢) - A ]



3. The Hamiltonian operator for a2 one-dimensional harmonic oscillator is given by

H = y_ + Em(oz;uc2
where [x,p] = ik

By transforming to operators a and a' where

—I(J_ O 3), a —I(J_ 0 x),

show that
H=(a'a+ 3 )ho = (aa' - -21-)ﬁm, [a,H] = afiw,[a',H] = —a'ha
Hence or otherwise, show that the eigenvalue spectrum of H is
En=(n+ 30 n = 0,1,2,..

Show that if H# = T+ V is the energy operator for the one-dimensional harmonic oscillator,
then [H, xp] T - V,where T and V are the kinetic and potential operators respectively. By

taking the expectation value of this relation in an energy eigenstate, prove that in such a state the
expectation values of the kinetic and potential energies are equal.

[ Note:If 4, B, C are operators, then [4,BC] = [4,B]C+B[4,C] : [4B,C] = A[B,C]+[4,C]B]

4. (a) If A and B are two Hermitian operators and [4,B] = ik, derive the uncertainty relation
raB > &

where (A4)2 = {(4 - (4))?)
Prove that A4 = 0 if and only if ¥ is an eigenstate of 4.
(b) Show that the time derivative of the expectation value of any observable 4 is given by

dygy =L a4,
dt 4 ih (A4.H]) + < ot >
where H is the Hamiltonian operator

(c) If 4 1s an operator such that [4,H] = 0, g‘f = (,show that A4 is constant in time.

Y. . : .
5. A quantum system can exist in two states |a,) and |a, ) which are normalized eigenstates of the
observable 4 with eigenvalues 0 and 1 respectively. The Hamiltonian operator H is defined by

Hao) = alaoy + Bla,), Har) = Blao) +ala,)

~where a and f are real. If the system is in the state |a,) at time ¢ = 0, show that at time ¢ its state

18
() = e-mfﬁ[cos( pr )lag) Ism( i )la )]

An observable 4 is measured at time ¢ = 7, but the value is lost. It is measured again at time
t = 2T. Find the probability that the second measurement of 4 gives the result 0.



6. The three components of spin of an electron satisfy the relations

[Sx,8y] = iS5z, [SysS:] = HSs, [S2,S:] = ihS,, S2+S3+8% = 242

Prove that S, = S, +iS,,and S, = 8 — iS, satisfy
[S5oS4] = AS4, [Se,S_] = —AS-, S.8. = %hz — 82 +4S,

Deduce that if |[+) is a normalized eigenvector of S; with eigenvalue %, then |~) = %S_|+) is a
normalized eigenvector of S; with eigenvalue ~4 satisfying S,|-) = Al+)

I 0

obtain the corresponding matrices representing Sy and S;. If a is real, find a linear combination of
the vectors |+) and |-) that is a normalized eigenvector of S, cosa + S, sina with eigenvalue —;’4

. . 01
Show that in the {|+),|-)} basis the matrix representing S, is L0, where o, = jl and

7. Discuss the vector addition of two angular momentum operators J; and J2 each of which satisfy
the commutation relations for angular momentum. If J = J; + J2 show that the components of J
satisfy the commutation relations for angular momentum which may be written

IxJ=ind
Let /M) be the common eigenstates of {J} ,J3 ,./,J; } and are written as
VM) = D (imyjamalUM))jimyjamz)
my,ma
m+m=M

where [jimjama) is an eigenstate of J3 , J1; , J3 Jos .
For the case j1 = 1, j2 = 1 evaluate the coefficients (101020 and (1011]11)
[Note: JulJMy = AJJJ+ 1) -MM+ 1) ML 1) ]

8. The Hamiltonian operator in spherical polar co-ordinates is

—_ B {18 ,8 18 (gnel 1 &

H l:r2 or r ar) T sing 59(51119 39) * risin’g o¢? :|+ V(r,9,6)
where m is the mass of the particle.

If the potential ¥ is independent of & and ¢, explain why the energy eigenfunctions can also be
chosen to be eigenfunctions ofthe total orbital angular momentum operator L?

A particle of mass m is confined within a sphere of radius a by the spherically symmetric square

well potential
Vi) = { Ve, forr<a

0, forr>a

Show that the energies of the spherically symmetric (§ = 0) states are determined by the

condition
kacot(ka) = —Ba, where k? = 2m(V;:2— E)) , B2 = 2_’;:2@_

. 2,2
Show that no bound state of such a system exists unless Vy > g s >
ma




9. The expression

- (vl
Y viw)

defines the average value of E for a state y. Show that the stationary values of £, with respect to
arbitary variation of y are the eigenvalues of A and that if ¢ corresponds to the lowest value Eg,

Ey =2 Ey
Use the above method to estimate the ground state energy of a particle in the potential
Vix) = { w, x<0
cx, x>0
Use the trial function w(x) = xe ™
[Nore : I:x"e““dx = :T',]



