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1.

2.

3.

Consider the functional
J0) = [0+ 0 2

with y € C?*[0,x2] such that y{(0) = yy, y(x2) = y2, X2, y1, y2 being fixed positive constants.
Prove that the curves of the foregoing type giving the functional a stationary value are of the
parabolic type

cy-1D2 =ex+d
where ¢, d are suitable constants, and that ¢ is determined by
2{(cyz ~ D)2 — (ey1 - 1)'?} = cxa.
Prove that there are two such curves, one, or none depending on whether
x3 < dywy2, x4 = A2, 3} > s,
respectively.
Hint: The Enler-Lagrange equation for a functional of the form

) = [ oy e

has first integral
F~y —%‘f‘,— = constant.
a. Find the extremal for the following functional satisfying the given boundary conditions:

J0) = [ 1+ 0", y € CHO, 1L 10 = 0, ¥(0) = 1, (D) = 1, /(1) = 1.
b. Find the extremal for
Jy) = J-j(xz(y')zlz - y?18)dx fory € C?[1,e] and y(1) = 1,){e) unspecified.

a. Consider a quadratic functional in two independent variables (x,)) of the form
K@) = [ {F102)EE +2) - wixp)z}a,

where z = z{x,y), and D is some closed domain in the plane with sufficiently smooth
boundary C.Here T € CH{DUC),T>0inDUC,we C(DUC),andz e C3(DUC).
Also, z satisfies the boundary condition z = 0 on C.

Show that the probilem for stationary values for J(z) leads to the boundary vaiue
problem:

3 (Tz)c+ (Tzy)y = ~win D,
z=0onC.
Show that the extremal arising furnishes an absolute minimum.
b. Consider the following boundary value problem in a square region for the function
z = z(x,y):
Viz==lin-l<x<l, -1<y<]l,

z = { on the boundary of the square.

Obtain the best approximation to z of the type
Z = c(1 -x2)(1 - %),

by seeking the minimum of the appropriate integral (see part a. of this question).



4. a. Derive a necessary condition for an extremum for the following isoperimetric problem.
Minimize (311 (x), y2(x) € C*[a,b])

b
Jy1,y2) = L F(x,y1,y2,51,y2)dx
subject to
b
L G(x,yLy2 Y .ya)de = C

and
vi(a) = Ay, y2(a) = A2, y1(b) = By, y2(b) = B,
where C, 4, A, B and B, are constants.
b. Use the results of part a. to maximise (x(£),y(f) € C*[to,£1])

I P
Jxy) = % [ (- yiral
subject to
[" fEesde=1.
fo

Note: Here J represents the area enclosed by a curve with parametric equations
x = x(¢}, y = y(t), with the constraint fixing the length of the curve. It is sufficient here
to demonstrate that the curves are circles.

5. Consider the displacement field for torsion of a cylinder of the form
uy = XX, uz = aX1Xs,u3 = aw(X1,X2).

Here we assume that the axis of the cylinder is in the 3-direction for 0 < X3 < L.
a. Show that the equilibrium equations reduce to
w |, Pw
L2y L2 =0,
ext  ax;
b. If the lateral surface is assumed to be stress-free show that the boundary conditions
(using a2 standard notation) reduce to

-1l n.

¢. Considering the moment on the end-face, show that the warping reduces the stiffness, in
the case of a non-circular surface, from that of the circular case.



6. Ifthe deformation of a cylindrical body is such that there is no axial component of the
displacement and nothing depends on the axial coordinate, then the body is said to be in a
state of plane strain. We may thus introduce the function ¢{X;,X3) such that

2 . _ O £y
T = Te =~ 12~ a0
29 32 )
I = (ax? MFe;

In this case the compatibility equations reduce to
&t ot &
ot e o
Consider the stress function ¢(X1,X2) = +X3.
a. Obtain the stresses for the state of plane strain;
b. if the stresses of those of part a. are those inside a rectangular prism bounded by
X1 =0,X) =0X; =th2and X3 = +b/2
find the surface tractions on the boundaries;
¢. if the boundary surfaces X3 = +b/2 are traction-free, find the solution.

=0,

7. If u is the displacement vector in a linear elastic solid, the equations of motion (in the
absence of body forces) may be written in the form
A+ pV(V.u) + gV =p &8
(A-+ VY1) + i¥u =p L8
where A, g are the Lamé constants and p is the mass density.
a. Ifuisexpressed inthe formu = V¢ +V x ¥, V.¥ = 0 where ¢, ¥ are scalar and
vector potentials, show that the equations of motion are satisfied provided that both

satisfy the wave equation
a2
2924 = X .
¢ or
Find the wave speed in each case.
b. Consider the displacemem!‘

uy =uy = 0,uz = Acos(sz)cos(%&(Xl —ct))

i. Show that this displacement is an equivoluminal motion.
ii. From the equations of motion determine the phase velocity in terms of p, {, p and
.
iii. This displacement is used to describe a type of waveguide that is bounded by the
planes X = th. Find the phase velocity if these planes are traction-free.

Note: You may use the identity V x (V x a) = V(V.a) - V2a



