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1. Consider the following initial boundary value problem for a function u = u(x,#):

Ou _ 28%
o aax2,0<x<L,l>0,

u=0onx=0,7>0,
—qi+yu= Oonx=L,t >0,
Ox

u=flx)att =0,0 <x <L,
where f{x) is a given smooth function and a?, L,y are positive constants.
a. Letting u(x,?) = X(x)7(¢), show that
X'+ X =0, X(0) = 0, X'(L} + yX(L) = 0,

and 7' + @?AT = 0 where 1 is the separation constant.

b. For A > 0, show that the eigenvalues A are determined as the solution to
JA cos(JAL) +ysin(JAL) = 0.

Suggest graphically that this equation has an infinity of solutions for A.

¢. Construct the eigenfunctions of the above problem and hence obtain the solution for w.

2. Consider the following two point boundary value problem for a function y(x):
L(y)y=Ar(x)y, 0 < x < 1,

a(0) +a'(0) =0, byy(l) + by (1) =0
where

1) = -4 (p) 2 ) + gty

and where p(x), g(x}), r(x),a1,a2, b1, b satisty all of the usual conditions for the above
problem to be regular. You may assume that (L{u),v) = (, L{v)) for any two sufficiently
smooth functions u(x) and v(x) satisfying the boundary conditions of this problem; here (-, +}
denotes the usual inner product.

a. Show that the eigenvalues of the above problem are real.

b. Suppose that ¢((x) and ¢2(x) are eigenfunctions of the above problem with
corresponding distinct eigenvalues A and 4,, respectively. Show that (orthogonality)

j’; r(x)$ 1 (X)F2 (e = 0.

¢. Determine the normaliseqd eigenfunctions of the following problem:
V'i+dy=0,y'(0)=y(1) =0
Determine the expansion of f{x) = x in terms of these eigenfunctions.

- 3. Consider the following boundary value problem for Laplace’s equation in a rectangular
region:
Su  Pu
6x2 ay2
u=0onx=0for0 <y<hb,

=0in0<x<a 0<y<h,

u=0ony=0andy=>bfor0 <x <agq,
u=f)onx=afor0 <y<é,

where u = u(x,y), a,b are positive constants and f{y) is a given smooth function. Solve this
problem using the method of separation of variables.



4. Consider the following initial value problem for the heat equation:

Qu _ gU ¢ xcoot>0

ar 8x2 b kl *

u=fixjatr=0,—w <x <®
where 1 = u(x,t), K is a positive constant and f{x) is a given smooth function. The intervals
—0 < x < ooand f > 0 are split into the uniform grids

KXo <xg<xp<xi<x2<...and0 =1 <t <t <.

where x; = j(Ax),j =...,-2,-1,0,1,2,... and t; = k(Af), k = 0,1,2,... with a view to
solving the problem numerically using finite difference techniques. The numerical
approximation to u at gridpoint (x;, ) is denoted by Uf.

a. Using standard finite difference approximations for the derivatives, derive the following
explicit time-stepping scheme for solving the above problem:

URl = (1 - 2KR)U¥ + KU~ + Uk,)
where i = At/(Ax)?.

b. The error in the implementation of the above difference scheme is denoted by & jk.
These errors also satisfy the scheme. By considering a representative Fourier term
éjk = exp(i(8f + Ak)) (i* = —1) where & and A are constants, show that

exp(iA) = 1 — 4Khsin?(6/2),
and hence show that the explicit scheme is von Neumann stable only for Kk < 1/2.

¢. The following scheme is obtained by using centred difference approximations for the
time derivative in the heat equation:

U = UF' + 2Kh(Uj‘+1 —-2UF + Uf_i).
Show that this scheme is unstable for all 2 > 0.

5. a. Letflx) and g(x) be real valued functions defined on —wo < x < o0 having Fourier
transforms f{c) and g{c), respectively. Show that (the convolution theorem):

J;_K { :f@gﬁewdg ~ ﬁ j: fu)g(x - u)du.

b. Using the convolution theorem displayed in part a. of this question for the functions

f(x)={ 1 for e < 1,
$

Oforx| > 1,

and g(x) = exp(—x|), show that
J‘*‘” sin(c)e =

et D) de = n(1 — e~} cosh(x)).

Note: The Fourier transform and Fourier inverse transform of a function f{x},
—0 < X < 0, are

FrSY 1 ® icx -
o) = yir L,e Ax)dx and Ax)

1 © ~ICX 4T %
ﬁ J._m e f(C)dC.



