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Mathematical Physics




1.

a. Determine the C2[0, 1] curve with fixed end points (0,0), (1, 1) which gives

i
J= [ o'ymca
1]

a minimum value, assuming a minimum exists. What is the minimum value?

. Find the extremal for the following functional satisfying the given boundary conditions:

Jy) = [;(1 + (" Ydx with y € C*[0,11and (0) = 0,y'(0) = Ly(1) = Ly'(1) = L.

. Consider the functional

Jo) = [ ¥R+ ) 2

with y € C?[0,x;] such that {0) = y, y(x2) = y2, x2, y1, y2 being fixed positive
constants. Prove that the curves of the foregoing type giving the functional a stationary
value are of the parabolic type

ey -2 =cx+d
where ¢, d are suitable constants.
Hint: The Euler-Lagrange equation for a fimctional of the form

o) = [ Py
has first integral

Fuy’-%}—?r = constant.

. Find the extremal for

1
J0) = [ 07+ )k,
subject to
¥{0) = 1 and y(1) unspecified.

. Derive a necessary condition for an extremum for the following isoperimetric problem.

Minimize (v € C*[a,b])
s
JO) = f: Fx,p,y' )dx

subject to
b
J- Glx,y,y )dx = C

and

Wa) =A,yb) =8
where A, B and C are constants.

. Find extremals for the isoperimetric problem (y € C*[0,z])

J) = [0/, (0) = ym) = O,
subject to
I: yide = 1.



4. a. Lety = y(x), y € C?[0,1] be the unique solution of the two point boundary value
problem

%[ﬂx)%} —kx)y = -w(x), 0 <x </,

¥0) = y(h) =0,
where T(x)} e C'[0,/] and T(x) > 0 in [0, /], and where k(x), w(x) & C[0,[] and
k(x) > 0, w(x) > 0 in [0,]. Show that

R e

where U is any C'[0, /] function.
b. Consider the boundary value problem:

V'-y=-1,0<x < xf2,
W0) = y'(x/2) = 0.
Noting the bounds
xi2 2 xi2
Io (U + 12+ Pyae > [ yax > Io Q2Y-Y2_ Pl
aQ
where ¥(0) = 0, U(n/2) = 0 and U, Y are sufficiently smooth, calculate the ‘best’ ¥ of

the type ¥ = Bsinx. Calcula% the ‘best’ U of the type U = y cosx. Compute the
corresponding bounds for I: ydx.

5. Consider the displacement field for torsion of a cylinder of the form
U = —aXoXs, uy = aX1 X3, u3 = aw(Xy,Xz).
Here we assume that the axis of the cylinder is in the 3-direction for 0 < X3 < L.

a. Show that the equilibrium equations reduce to
Pw , Pw
=+ = 0.
) ) ¢

b. Ifthe lateral surface is assumed to be stress-free show that the boundary conditions

(using a standard notation) reduce to

ow _ 1 d
n 2 ds (X7 +.X3).

¢. Considering the moment on the end-face, show that the warping reduces the stiffness, in
the case of a non-circular surface, from that of the circular case.



6. If the deformation of & cylindrical body is such that there is no axial component of the
displacement and nothing depends on the axial coordinate, then the body is saidto be in a
state of plane strain. We may thus introduce the function ¢(X;,X>) such that

62¢ 62¢ 32¢
Th= -2, T = ,
"= A Ti ~aXan T =
¢ 62¢ )
Ty =
» "( a7 g
In this case the compatibility equations reduce to
&g &' 8¢
2 = 0.
axt T axiond Taxt !

Consider the stress function $(X,,X2) = +.X3.
a. Obtain the stresses for the state of plane strain;
b. if the stresses of those of part a. are those inside a rectangular prism bounded by
X1 =0,X) =0,X; = #h2 and Xy = 1b/2
find the surface tractions on the boundaries;
¢. if the boundary surfaces X5 = +b/2 are traction-free, find the solution.

7. If u is the displacement vector in a linear elastic solid, the equations of motion (in the
absence of body forces) may be written in the form

(A + WV(V.u) + 4V = aai?

where A, it are the Lamé constants and p is the mass density.

a. Ifuisexpressed in the formu = V¢ + V x W, V.W = 0 where 4, are scalar and
vector potentials, show that the equations of motion are satisfied provided that both
satisfy the wave equation

Oy
Vi = i
Find the wave speed in each case.
b. Consider the displacement$

u = =0u3 = Acos(ng)cos(—ZF’r—(Xl —ct))

i. Show that this displacement is an equivoluminal motion.
ii. From the equations of motion determine the phase velocity in terms of p, §, p and
i
ili. This displacement is used to describe a type of waveguide that is bounded by the
planes X, = th. Find the phase velocity if these planes are traction-free.

Note: You may use the identity V x (V x a) = V(V.a) - V?a



