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Attempt siz questions, three from each section.
Please use separate answer books for each section.

SECTION A

Professor J. Wiegold
Professor T. C Hurley
Dr. A. Christofides
Dr. J. Ward

1. Let G be a planar graph and let v, e and f be the number of vertices, edges and faces of G , respectively.
Define the degree d(y) of a face y of G and explain the formula

> d(y) =2,

yeEY
where Y is the set of faces of G. Assuming Euler’s formula
v—e+ f=2

prove that e < 3(v —2). Show that, if G is bipartite, then e < 2(v — 2).
Deduce that neither the complete graph K5 nor the complete bipartite graph K3 3 is planar.

2. Find the weight of a minimum spanning tree for the following weighted graph. Hence, or otherwise,
find an upper apd a lower bound for the travelling salesman problem in this graph, starting at A.
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3. Define the chromatic polynomial Pg(k) of a graph and explain how it can be used to find the chromatic
number x(G) of G.

Show that the chromatic polynomial of a connected tree with n vertices is k(k — 1)"1.

Explain how the chromatic polynomial of a graph can be determined by the Deletion-Contraction
Process. Use this process to determine the chromatic polynomial of the following graph:

4. (a) Show that the image of a straight line or a circle under the linear fractional (Mdbius) transfor-

mation
_az+ b

cz+d

(ad — be # 0)

is a straight line or a circle.

(b) Find the Mobius transformation which sends
. 1 1+
(4,0, 1) to <§, 0, -2—>

(c) Find the irﬁage of the half-strip z < 0, 0 < y < 7 under the transformation
4

4 w=e",

" where z = z + y.

5. Evaluate two of the following integrals

2w 0o
df dz cos m:v
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SECTION B
Prof. MLJ. Sewell;
Prof. J.N. Flavin;
Dr. M.G. Meere.

6. (i) Define cartesian tensors (constant) of ranks one and two and write down the appropriate
transformation laws in matrix form.

(ii) A tensor field of rank one has components v = (v{(x),v2(x),v3(x)) in a cartesian frame
X = (x1,x2,x3). Show that its components in a frame x’ = (x},x5,x3) where x’ = Rx and R is
an orthogonal matrix, are given by

v/(x") = Rv(R'x).

(iii) A tensor of rank two has components

0 01

T=f 010

0 01

with respect to a given cartesian frame. The frame is rotated by an angle 6 about its x axis.
Calculate the components of the tensor in the rotated frame.

7. Solve the following initial boundary value problem in 0 < x < 0, ¢ > 0: T(x, ?) satisfies

O _ 2 0T

ot ox?’
T(0,t) = 0,T(4,¢) = 0,
T(x,0) = fix)

where o is a given constant and f(x) is a given function, by first proving that the separable
variable solution of the partial differential equation

T(x,t) = X(x)7(t)
* is such that
7(f) = Pe2 X(x) = ycos A2x + &sin 1 2x,
where 4, B,7,6 are constants. '
- Deduce that, for ¢ > 0,

0 -n2a2t/(?
IT(x, 0l < %IOI S |de T

8. (a) Prove that the separable variables solution of the two dimensional Laplace equation in plane
4 polars (r,0)

2 2T

leads to ordinary differential equations of the type

R dR 3R o,
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where A is a constant.

Prove that the equation for R can be transformed into one with constant coefficients by means

of the transformation = e’. Hence determine its general solution for A # 0. What is the most
~ general form for © in these circumstances ?

(b) Find the steady state temperature T in the annular plate b < r < q, if the edgesr = a,7 = b

are held at constant temperatures T,,T; respectively. The quantities a, b are constants.



9.

10.

Consider the following initial value problem for the motion of an infinite string:
u _ 20%

—00 <X <40, > 0,

o ox?’
u=fix), i’;— =fi(x)att = 0,~0 < x < +0.
Introducing the characteristic variables ¢ = x — ct, B =x+ctand writing
u = fla) +g(B)

where f, gv are arbitrary functions, show that
B
= T(i@ +AB) + 4 [ fls)as.

Calculate the solution if f; (x) = 0, J2(x) = sinx and discuss the nature of the motion.

(a) Real valued functions f{x), g(x) defined on —o < x < oo are sufficiently smooth to admit

fourier integral representations. Denoting by 7c), 2(c) the fourier transforms of fix) and g(x),
respectively, show that (the convolution theorem)

‘/%7? ij(?)g(T)e“i“dc = 7—21_7? J-j: Lw)g(x — u)du.

(b) Find the fourier transform of the function
e*ifx > 0,
J&) = { 0ifx < 0.

What does the inverse transform imply?

Note. The fourier transform of a function Sx),—0 < x < +0 is defined by

f(—c) = Tzl__n— I _+: e *f(x)dx

with the inverse transform defined by

fx) = -J—%_”— [ :: e R dk.



