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1. (a) Show by approaching the origin along two different paths that
2
] lim i
(=,9)—(0,0) T +y
does not exist. ,
(b) The positions of two airplanes at time ¢ are given by
” z=2%—-1, y=1-—t  z=3t
and
z=t+1, y = 2t, z=3-2t.

1) Do the paths of the airplanes intersect?
(1) Do the airplanes collide?

(c) Find the equation of the plane that contains the points  (0,0,0,), (1,1,1) and (-1,1,1).
2. Let ’ . . .
7(t) = (3 cost)i + (3sint)y + (4t)k.
Find
(i) the unit tangent vector (T) at t = m;
(i) the principal unit normal vector (V) at t = m;
((iil) the curvature () at ¢ = =; '
(iv) the binormal vector (B) at t = ;

(v) the equation of the osculating plane at ¢ = 7;
(vi) the torsion at ¢t = .

p.t.o.



3. (a) Letu= u(z,y) where ¢ = st and y= %(sz —~t?). _
Use the chain rule to prove that:

du) 2 du'\ 2 2oy (00N /o)
(%) (5) = @+ (2)+G))
(b) Find all local maxima, local minima and saddle points for:

2
flz,y) = %#—2%+%2+&

(c) Find the e

quation of the tangent plane to the surface
(1,0,3). ' :

z? 4 2y? 4 22 10 =0 at the point

4. (a) Suppose the temperature at a point P(z,y, z) is given by

T =42%—-y? 1 16,2

(i) Find the rate of change of " at the point P(4,-2,1)
(i) In what direction does T' increase most rapidly? -
(b) Find the minimum distance from (3,

I the direction of the vector 21+ 67— 3k.

—3,1) to the paraboloid z=ga% 42,

5. .(a) Evaluate
// ye® dA
R

E={(zy):y*<zo<4, 0<y<2).
(b) By changing the order of integration evaluate

where

1 1
/ / cos(z%)  dz dy.
0 yl/a

(c) Let R:{(z,y):mz-{-yz—&csﬁ, y > 0}.

Change the integral

Tr—=dz d
A/ +/z2+-y2 y

into an equivaient polar integral and then evaluate the polar integral.
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6. (a) Define the complex functions e?, coshz and cos(z) as infinite series.
Deduce that cosh(iz) = cos(z) = —(e +¢7%) and cos(z) = 1( e,
" (b) Express ¢* and cosh(z) in the form u + v where u and v are real. ' What is the periodicity, if
~ any, of these functions?

(¢) Find the principal value of i~

7. (a) Let z = z+iy and f(2) = u(z,y)+iv(z,y) be a differentiable complex function. ~ State (without
proof) the Cauchy-Riemann equatlons for f.  From these equations deduce that u and v are
harmonic functions.

(b) Show that u(z,y) = 2z(y + 1) is harmonic and find a harmonic conjugate for u.

(c) State an expression for f'(z) in terms of gm and g—:j and show that if f(z) = sin(z) then f/(z) =

cos(z).

8. (a) Explain what is meant by a pole of order n and the residue at a pole of a complex function f.
Calculate the residue at each pole of the function

1

1= erype—y

(b) Use the theory of residues to show that

/°° cos(2z) e = 7re“2.
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