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SECTION A — MEASURE THEORY

Al. (a) Let M be a o-algebra of subsets of X and suppose {An} is a sequence of sets of M.
limsup A,.
If B, is a sequence of sets of M show
limsup(4, NB,) C (limsup A,) N (limsup B,).
(b) Let (X, M, 1) be a measure space with
EyCE,CEsC..
Show
o0
u (U E) = g, HER).
1
(¢) Let (X, M, p) be a measure space and {A,} a sequence of measurable sets.  Show

p(liminf A,) < liminf u(A4,).

GXxlbt!

Define

p-t.o.
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A2. Let £ denote the class of Lebesgue measurable set in R™.
(a) If {Ex}7° is a sequence of subsets of £, show

o]
U By el.
k=1
(b) Let ¢ > 0 and E CR™ .
(i) Show |aF |,=a" | E |,;
(i) If E € £ show aF € L.
(c) Let ECR™  Show the following are equivalent:
() EeLy
(ii) There exists a G5 set H D E with | H\E |,= 0;
(iii) for each € > 0 there exists a closed set F C E with | E\F |,< eo;
(iv) There exists a F, set K C E with | E\K |,= 0;

(v) There exists a Borel set B € B(R") and a Lebesgue measurable set A with | A],= 0 and
E=BUA.

A3. Let (X, M, u) be a measure space and f an extended real valued function defined on X.
(a) Let A= f~!({oo}) and B = f~}({~oc}) and g : X — R be defined by

_[ f(z), z€X\(AUB)
-"(”)“{ 0, z € AUB.
If f is measurable show g is measurable.

(b) Suppose f is measurable. ~Show f~*(B) € M for every Borel set B C R".
(c) Let f be nonnegative and measurable.

€ Show that there is a nondecreasing sequence of measur-
able simple real valued functions S,, with

nlinolo Sn(z) = f(z) for ze€X.

A4. (a) State the Lebesgue dominated convergence theorem.
Use it to show ,

. _ z _
lim e”cos(—z-) de =1—-¢72,
n—oo [y n

(b) Let (X, M, u) be a measure space, [ an intervalin R, f: X x [ » R and ¢ € I.
following conditions held:
(i) f(.,t)is p-integrable for every t € I;
(ii) f(z, .) is continuous at # for each z € X
(iii) there exists a p-integrable function g : X — R such that | f(z,t) |[< g(z) for all z € X and

for all t € I in some neighborhood of .
Show

Suppose the

F)= [ f(a.t) du(o)
is continuous at ¢y € I.
(c) Let

F(t) =/ et 22y for 150,
0
Show F' is continuous on {¢ : ¢t > 0}.
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SECTION B — FUNCTIONAL ANALYSIS

B1l. (a) What is a convez set? Show that the closed unit ball of a normed space is convex. Show that
the set

B={zeR?: |z + |o5'/ <1}
is not convex and sketch this set.
(b) State the Holder and Minkowski inequalities and prove one of them.
(c) What is meant by saying that two norms are equivalent? Give the definition of the norms

||./l: and ||.|l2 on R" and show that they are equivalent. Give an example, with proof, of two
norms on the space C[0, 1] that are not equivalent.

B2. (a) Give the definition of the norm, ||T||, of a bounded linear mapping T:X — Y between
normed spaces. Let X be R? with the £y-norm, let Y be R? with the £y-norm and let
T(z) = (2x1, 21 — 322). Find the norm of T o
(b) Let £(X;Y') be the space of bounded linear mappings from X into Y with the norm as defined
in part (a). Show that £(X;Y) is complete if Y is complete.

(c) Let T:X — Y be a bounded invertible linear mapping with inverse T=1. How is ||T-1||
related to ||T]|7

B3. (a) What is the dual space, X*, of a normed space X? Show that the dual space of £, is

isometrically isomorphic to £, where 1 <p < co and 1/p+1/¢ = 1.

(Note: you may assume that the unit vectors e, form a Schauder basis for £y, i.e., the series

2_Zne, converges to z for every = = (z,) € 4,.)

(b) Answer either (i) or (ii):

(i) State the Hahn-Banach Theorem. Use it to show that every normed space can be con-
sidered as a subspace of its second dual space.

(i) Let Y be a subspace of a real normed space X and let ¢ € Y*. Let 2 € X, 2 ¢ Y, and
let Z be the subspace of X that is spanned by Y and z. Show that there is a bounded
linear functional 9 on Z such that

YY) =ey) YyeY and  ||¢| =]l

B4. (a) Let H be an inner product space. Prove the Parallelogram Law:
lle +9lI* +llz = vl* = 2| + 2ljy]?

for every z,y € H. Hence or otherwise show that the space C[0,1] with the norm ||f|| =
sup{|f(t)| : 0 <t < 1} is not an inner product space.

(b) Let H be a Hilbert space and let F be a closed subspace of H. Give the definition of the
orthogonal complement, FL, and show that it is a closed subspace of H. Show that for every
& € H there exist unique z; € F and z3 € F* such that z = 2 + z5.



