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1. (a) Determine the minimum value of
1
fo(y’ +y)dx

in the class of smooth functions y = y(x) such that »(0) = 0,(1) = 1
(b) Determine the minimum value when the condition y(0) = 0 is omitted.

By comparing the two minima, prove that the one arising in the second case is smaller
that that arising in the first case. State why this is to be expected.

2. Consider the boundary value problem
[(TG)y'] = k(x)y = -w(x)
,V(O) = an’(g) =0

where 7(> 0),k(> 0), w are smooth functions. Prove that

I(’;[ (U'w;cw)2 + U;, ]dxz_‘-:;wydx

where U is an arbitrary smooth function satisfying one restriction which must be stated.
When is the equality sign realized ?

By taking U = aTy,, where yo(x) denotes the solution of the boundary value problem when

k = 0 and « is a suitable constant, prove that
[w2lkax [ wyodx
[ow?/k + wyo)dx

2 Iwydx.



3. State and prove Schwarz’s inequality for a linear, symmetric positive definite operator.
Prove that the operator arising in Question 2 is linear symmetric positive definite.

If y, denotes the solution of the boundary value problem arising in Question3 when w(x) is
replaced by w (x) and when k£ = 0, prove that

jiwz/kdx j:; wyo e 2 [[ w (x)ydx:]z

Hence, or otherwise, prove that

¥(a)] < J[Z wilkds || s

4. Let D be a plane domain with smooth boundary C, the boundary C consisting of two distinct
portions C1,C3 such that C = Cy U C; and C; N C2 = 0. The functional

I= J.D F(x,y,2,2x,2y)dA

is defined in the class of sufficiently smooth functions z = z(x,y) which take an assigned
value z = f{x,y) on the portion of the boundary C;. Obtain necessary conditions for a
minimum of I in the form of a partial differential equation for z = z(x,y) and a boundary
condition

oF, L OF, _
ava,,+azyvy 0 onC;.

If

F=J1422+2
prove that the Euler-Lagrange differential equation has the form

Azyx + Czyy + Bzyy = 0,

where A4, B, C are functions of the first derivatives of z, which are to be deduced.



