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Time allowed: TWO hours.
Attempt THREE questions.

1. a. A certain distribution of electric charge is spherically symmetric about the origin and the
total charge inside a sphere of radius r (centre the origin) is O(). Show that the
electrostatic potential V(r) is

7e) = g | °° 20 4.

Show that this may be written in the equivalent form

W(r) = T—gc(aro)r + Tslo' Ir sp(s)ds
where p(r) is the charge density at distance 7 from the origin.

b. Show that the potential at the centre of a square sheet uniformly charged with charge
density o is given by

Vo = 2 In(1+ /7)
where d is the length of a side of the square.

2. A current distribution J(r') is localised in a finite region of space ¥(r') containing the origin O.
The magnetic vector potential A(r) due to this current distribution is

A(r) = %‘;—I ;-] r dav(r')

where po is the permeability of free space.
a. By expanding 1/|r - r'| in an appropriate manner, show that for |r| > |r'|,
Ai(r) = T%"ﬂ j Ji(e"dv(r') + #fOTFrIT' j r'Ji(r')dv(r')
where A = (4;)and J = (J;), i = 1,2,3.
b. Show that
IJi(r’)dV(r’) = 0 and 'f(r.r’)Ji(r’)dV(r’) = —-%— J. r x(r'xJ(r'))dV(r').
Hence show that for [r| > |r'],

A~ XY wherem = -gf% r'xJ(r)dv(r).

Note. You may quote the vector identity (r.r')J = (r.))r' — r x(r'xJ).
c. Use the results of part b of this question to show that for [r| > r'|,

where B(r) is the magnetic field and # = r/|r|.



3. A solid sphere of radius a is made of dielectric material which has dielectric constant €. The
sphere is placed in 0 < r < a in an initially uniform electric field of intensity E = E,k. Using
standard notation, the electrostatic potential is written as

® = ®(r,0) forr < aand ® = O,(r,0) forr > a.
a. Explain why the appropriate boundary conditions are

tip(= 57 ) = im (e ) ond fip () - i (55
where € is the permittivity of free space.

b. Calculate the potentials ®;and ®,.
c. Calculate the charge density of polarization on the surface of the sphere.

4. Maxwell’s equations for a linear non-conducting medium are, in the usual notation,
VE =0, VxE+%1ti =0,V.B =0, VxB—,ueaa—];: = 0.
a. Show that both E and B satisfy the wave equation with wave speed ¢ = 1/ JEE.
b. Consider plane wave solutions of the above equations for E and B of the form
E(r,?) = e1Eoexp(i(k.r - o?)), B(r,?) = &2Bo exp(i(k.r - of))
where €1, & are constant unit vectors and Eo, By are constant complex amplitudes. The
wave vector k and the frequency o are also constant. Show that
sk =2k = 0,8 ~ KXEL By = K.

c. Calculate the average of the energy flux S and the energy density u over one period of the

wave. Hence show that (S) = c(u)e3 where ( ) denotes the averaged quantities and
€3 = €1%X€3. You may assume that Eq and By are real.

Note. The energy flux S and energy density u are given by, in the usual notation,
S=ExHu=-1(ED+BH).

S. The electric vector in a circularly polarised plane electromagnetic wave in vacuo has
components

Ex = acosB(t +z/co), E, = asinf(t +z/co), E; = 0
where co = 1/ [fiogg is the speed of light in vacuo and a, B are constants. Determine the
magnetic vector.

The wave is incident normally on the plane face of a mass of uniform dielectric u=1,sg,
occupying the region z < 0. Show that the reflected wave is also circularly polarised and find
the electric and magnetic vectors in the reflected wave.

Notes. (i) The incident wave may be written as E/ = Eqexp(=if(t + z/co)) where Ef = a(1,i,0)
and we interpret the real part as the physical wave.

(ii) If a surface S with normal n separates two dielectric media, then the boundary conditions
across this surface are, in the usual notation,

B'-B)n=0,(H-H)xn=0,(D'-D).n=0,(E'-E)xn=0

where the primed quantities denote the fields on one side of the surface and the unprimed

quantities denote the fields on the other side. It is assumed that there is no surface charge or
current.



